
Linear Algebra 21341

Homework 3

Due Monday Feb 9, 11:59pm

1. Sequences and vector spaces.

Let
E =

{
u = (un)n∈N

∣∣∣ ∀n ∈ N, 8un+3 − 12un+2 + 6un+1 − un = 0
}
.

Let the sequences i = (in)n∈N, j = (jn)n∈N, and k = (kn)n∈N be defined by

in =
(
1
2

)n
, jn = n

(
1
2

)n
, kn = n2

(
1
2

)n
, (n ∈ N).

(a) Show that E is a vector subspace of RN.

(b) (i) Show that i ∈ E, j ∈ E, and k ∈ E.

(ii) Show that (i, j, k) is a linearly independent family in E.

(c) Let u = (un)n∈N ∈ E. Define the sequence w = (wk)k∈N by

wk = 2k+1uk+1 − 2kuk.

Assume that there exist λ, µ ∈ R such that

wk = λ+ µk (k ∈ N).

(i) For n ≥ 1, compute in two different ways the sum

Sn−1 =

n−1∑
k=0

wk.

(ii) Deduce that u is a linear combination of the sequences i, j, and k.

(d) Using the previous results, determine a basis of E.

(e) We now justify the result assumed in part (c).

Let u = (un)n∈N ∈ E and define w = (wk)k∈N by

wk = 2k+1uk+1 − 2kuk.

(i) Show that for all k ∈ N,
wk+2 − 2wk+1 + wk = 0.

(ii) Deduce the expression of wk as a function of k.
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(f) Define

F =
{
u = (un)n∈N ∈ E

∣∣∣ u0 − 2u1 = 0
}
.

(i) Show that F is a vector subspace of E.

(ii) Show that i ∈ F .

(iii) Let u = (un)n∈N ∈ F . Show that there exists a unique (α, β, γ) ∈ R3 such that

un = αin + βjn + γkn (n ∈ N),

and prove that γ = −β.

(iv) Deduce a basis of F .

2. Linear independence of families of functions.

Show that in the R-vector space of continuous functions from R to R, the following families
are linearly independent:

(a) (fλ)λ∈R, where
fλ : R→ R, x 7→ eλx.

(b) (fλ)λ∈R+ , where
fλ : R→ R, x 7→ cos(λx).

(c) (fλ)λ∈R, where
fλ : R→ R, x 7→ |x− λ|.
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