Linear Algebra — Lecture 1: Vector Spaces

1 Basic Definitions and Properties

1.1 Vector spaces over a general field

Definition 1.1. Let (E,+) be a commutative group and let (K,+, x) be a field. We say that E is
a vector space over K if there exists a map

KxE—E, (qz)—a-zx,
called scalar multiplication, satisfying the following axioms:
(i) Forallz € E, 1g -z = x.
(ii) Foralla,f € K and all x € E,
(a+pB) z=a-z+ - x.
(iii) For all a,f € K and all x € E,
(aB)-z=a- (8- )
(iv) For alla € K and all x,y € F,
a-(z+y)=a-x+a-y.

In this case, the elements of E are called vectors and are usually denoted by x,y, z, ..., while the
elements of K are called scalars and are usually denoted by a, 8,7, A, .. ..

1.2 Consequences of the definition

Proposition 1.1. Let E be a vector space over K. Then:
(a) Forallz € E, O -z =0p.
(b) Forall e K, \-0g =0g.
(¢) Forall A\ € K and all z € E,
ANx=0g <= A=0g orxz=0g.
Proof. (a) By axiom (ii),
O -x=(0g +0g) -2 =0x -2+ 0k -z,

hence Or -z = 0.



(b) By axiom (iv),
AN0g=A-(0g+0g)=X-0g+X-0g,

hence A - 0 = 0.
(¢) (=) Suppose that A -z =0g and A # Ox. Then
A=A 0 = 0p.

By axiom (iii),
NN x=1g -z ==z,

sox =0g.

(<) The converse is immediate: if A = O then \-z = 0g by (a), and if z = O then A\-z = 0

by (b).
]

2 In-class exercise

Exercise 2.1. Let R* = (0,+00) be the set of strictly positive real numbers.
Define an internal operation © on R by

r®y:=uzy, Vr,yeR],
and define an external operation (scalar multiplication) by
Nz:=z", VAeER, Ve e RY.

Show that (R, ®, ) is a vector space over R.
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Linear Algebra — Lecture 2: Examples of Vector spaces and
Subspaces

Examples of Vector Spaces

Fundamental examples

Let K be a field. For any integer n > 1, the set K™ is a vector space over K with scalar
multiplication defined componentwise by

A (21,0, xn) = (Axg, ., ATy

. Let K be a field and let K[X] denote the set of polynomials with coefficients in K. Then

K[X] is a vector space over K with scalar multiplication defined by

A iaiXi = i()\ai)Xi.
=0 =0

. Let E1,..., E, be vector spaces over the same field K. Then the Cartesian product

FEy x---x E,
is a vector space over K, with scalar multiplication defined by

A (21,0, xp) = Az, .o, Axy).

. Let E be a vector space over K and let A be a nonempty set. The set E# of all functions

from A to E is a vector space over K, with operations defined by

(Af)a) == Af(a),  (f+9)(a):= f(a) +g(a), Vae A

Exercise 1.1. Check that all the examples above are indeed vector spaces !

2

Subspaces

Definition 2.1. Let V' be a vector space over a field F. A subset U C V is called a subspace if:

(i) 0 e U,

(i) if uy,ug € U, then u; +ug € U,

(iii) fu e U and X € F, then Au € U.



2.1 In-class exercises

Exercise 2.1. Show that the only subspaces of R (viewed as a vector space over R) are {0} and R.

Exercise 2.2. Let U be a family of subspaces of a vector space V. Show that
W= (U
Ueld

is a subspace of V.

Remark. Warning. The union of two subspaces is not a subspace in general. Indeed, if U and W
are subspaces of V, and if u € U and w € W, then in general

ut+w ¢ UUW.
w
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Proposition 2.1. Let E be a vector space over a field K, and let F' and G be two subspaces of E.
Then F'UG is a subspace of E if and only if

FcG or GCPF.

Proof. (=) Suppose that F'UG is a subspace of E. We show that either F' C G or G C F.
Assume by contradiction that F ¢ G and G ¢ F. Then there exist elements

re€ F\G and yeG\F
Since F'U G is a subspace, it is closed under addition, so
x+ye FUG.

Hence either x +y € Forx +y € G.
If x+y € F, then

since F' is a subspace. This contradicts y ¢ F.



If z +y € G, then
r=(r+y) —yeaq,

since G is a subspace. This contradicts z ¢ G.
In both cases we reach a contradiction. Therefore,

FcCcG or GCPF.

(<) If F C G, then FUG = G, which is a subspace. Similarly, if G C F, then FUG = F,
which is a subspace. O



Linear Algebra — Lecture 3: Sums and Direct Sums of Subspaces

1 Examples of Subspaces
We start by recalling a few standard examples of subspaces.
Example 1.1 (Linear equation). Let ay,...,a, € K and define
S:={(z1,...,zy) € K" : a1x1 + - -+ + apx, = 0}.
Then S is a subspace of K.
Proof. Clearly 0 € S. If x,y € S, then
a1(z1+y1) + -+ an(Tn +yn) =0,
sox+yeS. If A€ K and x € .5, then
ar(Azy) + -+ an(Axy) = Marzy + -+ - + apxy) =0,
so Ax € S. O
Example 1.2 (System of linear equations). Let (aij)i<i<m,1<j<n € K™*™ and define

aj1xry + -+ appr, =0
Si=1q(x1,...,xy) € K"

am1Z1 + -+ amnxn =0
Then S is a subspace of K™.
Proof. For each i =1,...,m, define
Si:={x € K" :ajr1+ -+ ajppzy, = 0}.

Each S; is a subspace of K", and S = (2, S;. Since intersections of subspaces are subspaces, S is
a subspace of K™. ]

Definition 1.1 (Degree of a polynomial). Let p € K[X] be a polynomial. If p # 0 and
p(x) =a9+ar1x+ -+ apx™  with a, # 0,
we define deg(p) = m. By convention, the zero polynomial is assigned degree —oo.
Example 1.3 (Polynomials of bounded degree). Let V = K|[X]| and fix n € N. Define
KalX] = {f € K[X] : deg(f) < n}.

Then K,[X] is a subspace of K[X].



Proof. First, 0 € K,[X] since deg(0) = —oco < n.
Let f,g € K,,[X]. Then

deg(f + g) < max{deg(f),deg(g)} <n,

so f+g € K,[X].
If A € K, then deg(Af) = deg(f) < n when A # 0, and A\f = 0 when A = 0, which also belongs
to K, [X]. Hence K, [X] is a subspace of K[X]. O

Remark. The set
{f € K[X]: f=0or deg(f) >n}

is not a subspace of K[X]. Indeed, X" and —X™ + 1 both belong to this set, but their sum equals
1, which does not.

2 Sum of Subspaces

Definition 2.1 (Sum of subspaces). Let E be a vector space and let Fy, ..., F, be subspaces of E
with p > 2. We define
i+ +F,={x1+ - +xp: z; € F}.

Proposition 2.1. The set F1 + --- + F)}, is a subspace of E.

Proof. First, 0 =0+ ---+ 0 with 0 € F; for all ¢, hence 0 € Fy + --- + F),.
Let x,y € F1 + ---+ F,. Then there exist x; € F; and y; € F; such that

Hence
r+y=(x1+uy)+-+ (zp+yp).

Because each Fj is a subspace, x; +y; € Fj,sox +y € F1 +--- + F),.
Finally, let A € K and v = 1 + - - - + xp, with x; € F}. Then
Ar = (Az1) + -+ (Azp),

and since each F; is a subspace we have Ax; € F;, hence Az € Fy +---+ F},. Therefore Iy +---+ F,
is a subspace of E. I

Proposition 2.2 (Smallest subspace containing the F;). Let V' be a vector space and let Vi,..., Vi,
be subspaces of V.. Then Vi + --- + Vi, is the smallest subspace of V' containing Vi, ..., Vpy,.

Proof. Clearly each Vj, C Vi +---+V,, (take all other terms equal to 0). Now let U be a subspace
of V such that V, C U forall k. Ifve Vi +---4+V,,, thenv=v1+ -+ v, withv, € V}, CU.
Since U is a subspace, v € U. Thus Vi 4+ --- + V,,, C U, proving minimality. ]



3 Direct Sum (case of two subspaces)

Definition 3.1 (Direct sum of two subspaces). Let U, W be subspaces of a vector space V.. We say
that U + W s a direct sum if every v € U + W can be writlen in a unique way as

v =u-+w, uelU, weW.

In that case, we write U & W.

Proposition 3.1 (Direct sum of two subspaces). Let U and W be subspaces of V.. Then
U+ W isa direct sum <= UNW ={0}.
Proof. (=) Assume U + W is a direct sum and let v € U N W. Then
0=v+(—v),

where v € U and —v € W (since v € W). But also 0 = 0+ 0 with 0 € U and 0 € W. By
uniqueness of the representation of 0 as a sum of one element in U and one in W, we get v = 0.
Hence U N W = {0}.
(<) Assume U NW = {0}. To prove uniqueness, suppose u + w = u' + w’ with u,u’ € U and
w,w’ € W. Then
u—u =w —w.

The left-hand side belongs to U and the right-hand side belongs to W, hence u—u' € UNW = {0}.
So u = u/ and therefore also w = w’. Thus the decomposition is unique, so U + W is a direct
sum. [
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1 Direct sum of several subspaces

Definition 1.1 (Direct sum of p subspaces). Let E be a vector space and let F', ..., F), be subspaces
of E. We say that the sum Fy + --- + F, is direct if every x € Fy + --- + F, admits a unique
decomposition

T=x1+ "+ Tp, x; € F;.

In that case, we write F1 @ --- @ F.

Lemma 1.1. The sum Fy + --- + F, is direct if and only if, for all (x1,...,2p) € F1 X -+ X Fp,
T+ t+r, =0 = wx1=---=1,=0.

Proof. (=) If the sum is direct, then 0 has a unique decomposition. Since 0 = 0+ --- + 0, any
decomposition 0 = x1 + - - - + x;, forces x; = 0 for all 1.
(<) Suppose the implication holds and assume z = 1 +---+z, = y1 +- - - +y, with z;,y; € F;.
Subtracting,
(w1 —y1) + -+ (2p —yp) =0,

and each x; —y; € F;. By the implication, x; —y; = 0 for all ¢, hence the decomposition is unique. [
Exercise 1.1 (In-class exercise). Let p > 3 and let F,. .., F, be subspaces of a vector space E.

(1) Assume that Fy N Fy = {0}, F1 N F3 = {0} and F, N F3 = {0}. Are Fy, Fy, F3 necessarily in
direct sum?

(2) Prove the equivalence:

k
Fi+ -+ F, is direct <= Vke{l,....p—1}, (ZFi)kaH:{O}.

i=1

2 Linear Combinations and Span

Let V be a vector space over a field F. In this section, we introduce the notions of linear combinations
and span, which will play a central role in our study of finite-dimensional vector spaces.

Definition 2.1 (Linear combination). Let S C V' be a subset. A vector x € V is called a linear
combination of elements of S if there exist a nonnegative integer n, vectors xi,...,x, € S, and
scalars ay,...,an € F such that

r=a1T1 + "+ anTy.



Definition 2.2 (Span). Let S C V. The span of S, denoted by span(S), is the set of all linear
combinations of elements of S. When S = {x1,...,x,}, we also write span(z1,...,T,).

Proposition 2.1. Let V be a vector space and let S, T CV with S CT. Then
span(S) C span(T).

Proof. Every linear combination of elements of S is also a linear combination of elements of T. [

Proposition 2.2. Let V be a vector space and let S C V. Then span(S) is a subspace of V' that
contains S.

Proof. The zero vector belongs to span(S) by convention. Closure under addition and scalar multi-
plication follows directly from the definition of linear combination. Finally, if z € S, then x = 1-x,
hence x € span(S). O

Proposition 2.3. Let V be a vector space, let U be a subspace of V, and let S CV. Then
span(S) CU <<= ScU.

Proof. If span(S) C U, then in particular S C span(S), hence S C U.
Conversely, assume that S C U. Let x € span(S). Then z is a linear combination of elements
of S, so there exist x1,...,z, € S and ay,...,a, € F such that

r=a1x1 + -+ apr,.

Since x; € S C U and U is a subspace, each a;x; belongs to U, and therefore x € U. Thus
span(S) C U. O]
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1 Properties of Span
Proposition 1.1. Let V be a vector space, let U be a subspace of V, and let S CV. Then
span(S) CU <<= ScU.

Proof. 1f span(S) C U, then in particular S C span(S), hence S C U.
Conversely, assume that S C U. Let « € span(S). Then z is a linear combination of elements
of S, so there exist x1,...,z, € S and a4, ...,a, € F such that

T =a1x1+ -+ anry,.

Since z; € S C U and U is a subspace, each a;x; belongs to U, and therefore z € U. Thus
span(S) C U. O

Proposition 1.2. Let V' be a vector space and let S C V. Then span(S) is the smallest subspace
of V containing S. Moreover,
span(S) = ﬂ U,

U<v
scU

where the intersection is taken over all subspaces U of V' that contain S.

W= (U

U<v
scU

Proof. Let

Since W is an intersection of subspaces of V, it is itself a subspace. Moreover, every subspace
appearing in the intersection contains S, hence S C W.

We claim that W is the smallest subspace of V' containing S. Indeed, if U is any subspace of V'
such that S C U, then U appears in the intersection defining W, and therefore W C U.

In particular, since span(S) is a subspace of V' containing S, we have W C span(S). On the other
hand, because W is a subspace containing S, the previous proposition implies that span(S) C W.
Thus span(S) = W. O

2 Spanning Lists and Finite-Dimensional Vector Spaces

In the previous lecture, we introduced linear combinations and the notion of span. We now specialize
to the case of lists of vectors and study when such lists generate an entire vector space. This will
naturally lead us to the concept of finite-dimensional vector spaces.



Definition 2.1 (Spanning list). Let V' be a vector space and let (v1,...,vn) be a list of vectors in
V. If
span(vi, ..., vy,) =V,

we say that the list (v1,...,vy) spans V.

Example 2.1 (A list that spans F"). Let n be a positive integer. For each k € {1,...,n}, let ey
denote the vector in F™ whose k-th entry is 1 and whose other entries are 0. Then the list

(e1,...,€n)

spans F™. Indeed, if x = (x1,...,2,) € F", then
(xlv"'yxn) = Ti1ée1 +"'+xn6na

showing that every vector in F™ belongs to span(eq, ..., e,).

Example 2.2 (Polynomial spaces). Let F[X] denote the vector space of polynomials in one variable
with coefficients in F. Consider the set

S={1,X,X%X3 ..}

By definition of a polynomial, every element of F[X] is a finite linear combination of elements of
S. Hence
span(S) = F[.X].

Example 2.3 (Function spaces). Let X be a nonempty set and let V.= FX denote the vector space
of all functions from X to IF, with pointwise addition and scalar multiplication.
For each x € X, define the function §, : X — F by

6. (1) = {1, ify=u,

0, otherwise.

Let
S={6,:ze X}

We claim that
span(S) = F~X  if and only if X is finite.

First assume that X is finite. Write X = {x1,...,2,}. Let f € FX be an arbitrary function.
We claim that

Indeed, let y € X. Then y = x; for a unique i € {1,...,n}, and evaluating the right-hand side at
Yy gives

(f(@1)da; + - + f@n)ds, ) () = f(@i)0a, (y) = f(2:) = f(y)-

Thus the equality holds for every y € X, and therefore f € span(S). Since f was arbitrary, we
conclude that span(S) = FX.



Now assume that X is infinite. Define a function f : X — F by
flx)=1 forallzeX.

Suppose, toward a contradiction, that f € span(S). Then there exist distinct elements x1, ..., xy €
X and scalars aq,...,a, € F such that

f = a15x1 + - +am5$m-

Because X is infinite, there exists © € X such that x ¢ {z1,...,zn}. Evaluating both sides at this

x, we obtain
1= f(.r) = (aldg;l + -+ am(sa;m)<w) - 07

since 0z, (x) =0 for all i. This is a contradiction.
Therefore f ¢ span(S), and hence span(S) # FX when X is infinite.

We conclude that span(S) = FX if and only if X is finite.

Definition 2.2 (Finite-dimensional vector space). A vector space V is called finite-dimensional if
there exists a finite list of vectors that spans V.

Remark. The examples above show that F” is finite-dimensional for every positive integer n, whereas
F[X] and FX (for infinite X) are not finite-dimensional.

Exercise 2.1 (In-class exercise). Let E be a vector space over a field K and let (uy, ..., unt1)
be a list of n+ 1 vectors in E. Assume that (uy,...,up+1) spans E and that

Unt1 € span(uy, ..., Uy).

Show that (uy,...,u,) also spans E.

Exercise 2.2 (In-class exercise). Let F', G, and H be three subspaces of a vector space E. Is it

necessarily true that
HN(F+G)=HNF)+(HNG)?
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1 Linear Independence

Suppose v1,...,vy, € V and v € span(vi,...,vy). By the definition of span, there exist scalars
ai,...,ay € F such that
V=a1V1 + -+ aqmnUm.

We now consider the question of whether the choice of scalars in the equation above is unique.
Suppose c¢1, ..., ¢y € F is another set of scalars such that
V=C1V1 + "+ CnUnm.
Subtracting the last two equations, we obtain
0= (a1 —ci)vi+ -+ (am — cm)vm

Thus, we have written the zero vector as a linear combination of vy, ..., vy. If the only way to
do this is by using zero for all the scalars in the linear combination, then each ap — ¢ = 0, which
implies ay = ¢, for all k. In this case, the representation of v as a linear combination of v1,..., vy,
is unique.

This situation is so important that we give it a special name: linear independence. We now
make this precise.

Definition 1.1 (Linearly independent). An ordered list v1, ..., v of vectors in V is called linearly
independent if the only choice of scalars ay,...,amn € F such that

aivi+ -+ amv, =0
18
ar=---=am, =0.
The empty list () is also declared to be linearly independent.

Remark. Throughout this section, by a list of vectors we always mean an ordered list. In particular,
the order in which vectors appear in a list matters.

The reasoning above shows that vy, ..., v, is linearly independent if and only if each vector in
span(vy, ..., vy ) has a unique representation as a linear combination of vy, ..., vp,.



Examples

Example 1.1 (Standard basis vectors). Let n > 1, and let ey,...,e, denote the standard basis
vectors of F™, where e, has a 1 in the k-th coordinate and 0 elsewhere. To see that the list e, ..., en
is linearly independent in F", suppose aq,...,a, € F satisfy

aie1 + -+ anen, = 0.

Then

which tmplies
ai=--=a,=0.

Hence, the vectors ey, ..., ey, are linearly independent.

Remark. A list of length one in a vector space is linearly independent if and only if the vector in
the list is not 0.

Remark. A list of length two in a vector space is linearly independent if and only if neither of the
two vectors in the list is a scalar multiple of the other.

Definition 1.2 (Linearly dependent). An ordered list of vectors in V is called linearly dependent
if it is not linearly independent. Equivalently, a list vy, ..., vy of vectors in V is linearly dependent
if there exist scalars ay,...,a.,n € F, not all zero, such that

a1v1 + -+ 4+ apmvm = 0.

Theorem 1.1 (Linear Dependence Lemma). Suppose vi,..., vy, is a linearly dependent list of
vectors in V.. Then there exists an index k € {1,...,m} such that
v € span(vy, ..., Vk_1).
Moreover, if such an index k is chosen and the kth vector is removed from the list vi,...,Upm,

then the span of the remaining list is the same as the span of the original list.

Proof. Because the list vq,...,v,, is linearly dependent, there exist scalars aq,...,a, € FF, not all
zero, such that
aivy + -+ amvy, = 0.

Let k be the largest index in {1,...,m} such that a; # 0. Solving for vx, we obtain

ai ak—1
Vg = ——Up — " — Vk—1-
ag ag
This shows that vy € span(vy,...,vE_1).
Now suppose that k is any index such that vy € span(vi,...,vk—1). Then there exist scalars

bi,...,bp_1 € IF such that
vp = by + - 4 b1k 1.

Let u € span(vi,...,vn). Then there exist scalars c1, ..., ¢, € F such that
U=cCclv1+ -+ CcnUm.

Substituting the expression for v above into this equation shows that w can be written as a linear
combination of the vectors obtained by removing v from the list vy,...,v,,. Hence, removing vy,
does not change the span of the list. O



Theorem 1.2 (Length of a linearly independent list). Let V' be a finite-dimensional vector space.
Then the length of every linearly independent list of vectors in V is less than or equal to the length
of every spanning list of vectors in V.

Can you remove 5 objects from a box that initially contained only 3 objects?

Proof. Suppose that ui,...,u, is a linearly independent list in V', and suppose that wq, ..., w, is
a list of vectors that spans V. We must show that m < n.

We proceed inductively, performing a process with m steps. At each step, we add one of the
u’s to a spanning list and remove one of the w’s, while preserving the span.

Step 1. Let B be the list w1, ..., wy,, which spans V. Adjoining u; at the beginning of this list
produces the list

UL, W1y ..., Wn,

which is linearly dependent, since u; € span(wy, ..., wy,).
By the linear dependence lemma, one of the vectors in this list is a linear combination of the
preceding ones. Because the list ug,...,u, is linearly independent, we have u; # 0. Hence uy

cannot be in the span of the vectors preceding it (the span of the empty list is {0}). Therefore,
the linear dependence lemma implies that we can remove one of the w’s so that the resulting list
B (still of length n), consisting of u; and the remaining w’s, spans V.

Step k, for k = 2,...,m. Assume that after step & — 1, the list B (of length n) spans V and
contains wy,...,ux—1. Because B spans V, we have u; € span(B). Thus, adjoining u; to B
produces a linearly dependent list of length n + 1.

By the linear dependence lemma, one of the vectors in this list is a linear combination of the
preceding ones. Because u1,...,u is linearly independent, this vector cannot be one of the u’s.
Therefore, it must be one of the remaining w’s. Removing such a w yields a new list B of length
n that still spans V' and now contains w1, ..., ug.

After step m, all vectors ui, ..., u, have been added. At each step, one u is added and one
w is removed. Hence there must have been at least as many w’s as u’s to begin with. Therefore,
m < n. OJ

Example 1.2. No list of length 4 is linearly independent in R>.
Indeed, the list
(1,0,0), (0,1,0), (0,0,1)

has length 3 and spans R3. By the previous theorem, the length of any linearly independent list in
R? is less than or equal to the length of any spanning list. Hence, no list of length greater than 3
can be linearly independent in R3.
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1 In-class exercises
Exercise 1.1 (A family of trigonometric functions). Define functions fi, fa, f3, fa : [0,27] — R by
fi(x) = cosz, fa(x) = xcosx, f3(x) =sinz, fa(x) = xsinz.

Show that (f1, fo, f3, fa) is a linearly independent list in the real vector space C([0,2x],R).

Exercise 1.2 (Exponential functions). Let n € N. For each k € {0,1,...,n}, define fr : R - R
by
frl(w) = €.

Show that the family (fi)o<k<n 15 linearly independent in the vector space F(R,R).

2 Bases

Previously, we studied linearly independent lists and spanning lists. We now bring these two notions
together by introducing the concept of a basis.

Definition 2.1 (Basis). Let V' be a vector space. A basis of V' is a list of vectors in V that is
linearly independent and spans V.

Example 2.1 (The standard basis of F"). Let n be a positive integer and consider the vectors
defined in previous lectures
e1,€e9,...,e, € F™.

Let
B :={ei,ea,...,en}.

We have already seen that B spans F™. Moreover, the list (e1,...,ey) is linearly independent.
Therefore, B is a basis of F™. This basis is called the standard basis of F".

Example 2.2 (The delta functions on a finite set). Let X be a finite nonempty set, and let
FX denote the vector space of all functions from X to F. For each x € X, define the function

0r: X = TF by
1, ify=u,
0x(y) :=
<2 {0, otherwise.

We have seen in previous lectures that the set

B:={,:x€ X}



spans FX.
We now show that this set is linearly independent. Let x1,...,x, be distinct elements of X,
and let ay,...,a, € F be scalars such that
_ ; X
10z + -+ apdy, =0 inF.
Evaluating this equality at x; gives
0= (0515:1:1 + -+ anéa:n)(xz) = Oy,
since 0q,(z;) = 0 for j # i and 6,,(x;) = 1. Hence a; = 0 for each i, and the family (0;)zex is

linearly independent. Therefore, B is a basis of FX.

Theorem 2.1 (Criterion for a basis). Let V' be a vector space over a field F. A list (v1,...,vy) of
vectors in 'V is a basis of V if and only if every vector v € V' can be written uniquely in the form

U= aivy + -+ apln,

where ay,...,a, € F.
Proof. First assume that (v1,...,v,) is a basis of V. Let v € V. Because (v1,...,v,) spans V,
there exist scalars ay,...,a, € F such that

V=aiv1 + -+ apn.
To prove uniqueness, suppose that
v=cur+ -+ cpip
for some scalars cq, ..., c, € F. Subtracting the two expressions gives
0= (a1 —ci)vr+ -+ (an — cn)vp.
Because (v1,...,vy,) is linearly independent, we conclude that
A1 =Cly o, Gp = Cp.

Hence the representation is unique.

Conversely, assume that every vector v € V can be written uniquely in the form

v=a1v1 + -+ apvn,.

Taking arbitrary v € V shows that (v1,...,v,) spans V. To prove linear independence, suppose
that

0=aiv1+ -+ av,.
By uniqueness of the representation (applied to v = 0), we must have a; = --- = a, = 0. Thus
(v1,...,vy,) is linearly independent and hence a basis of V. O



Linear Algebra — Lecture 8: Bases (2)

1 In-class exercises

Exercise 1.1. Let (v, v2,v3,v4) be a basis of a vector space V. Show that
(v1 + 2, v2 +v3, V3 + Vg, V1)

is also a basis of V.

Solution. Set

wy = V1 + v, wo = V2 + V3, w3 = V3 + V4, Wy = V4.

Step 1: the family generates V.
We express each v; as a linear combination of wy, we, w3, wy. Starting from the last vector, we
obtain
Vg = Wy,

U3 = W3 — W4,
Vg = Wy — W3 + W4,
V1 = W1 — W2 + w3 — Wq.

Thus each v; belongs to span (w1, wa, w3, wy). Since (vy,va, v3, v4) generates V', the family (w1, wa, ws, wy)
also generates V.

Step 2: the family is linearly independent.

Suppose that
aiwy + asws + agws + agwg = 0

for some scalars ay,as, a3, a4 € R. Substituting the definitions of the w; and regrouping terms, we
obtain
a1v1 + (a1 + a2)vz + (ag + a3)vs + (a3 + ag)vy = 0.

Since (v1,v2,v3,v4) is a linearly independent family, the only linear combination of these vectors
that equals the zero vector is the trivial one. Therefore, each coefficient must vanish:

ap =0, a1+ ag =0, as + az =0, az +aq4 = 0.

It follows that a; = ag = a3 = a4 = 0, and hence (wy, we, w3, wy) is linearly independent.



2 Bases

Before proceeding, we take a more conceptual point of view on the notion of a basis. beyond the
finite-dimensional vector spaces case.

Definition 2.1 (Linearly independent sets). From now on, during this lecture, we will work with
subsets rather than lists of vectors.
Let V' be a vector space over a field K, and let L C V' be a nonempty subset.

(i) If L is finite, say L = {x1,...,x,}, we say that L is linearly independent if

Oélxl—i“i‘anxn:() — alzzanzo

(ii) If L is infinite, we say that L is linearly independent if every finite subset of L is linearly
independent in the sense of (i).

(iii) A subset of V that is not linearly independent is called linearly dependent.

Lemma 2.1 (Adding one vector to a linearly independent set). Let V' be a vector space over a field
K, let L C V be a linearly independent set, and let x € V. Then

x ¢ span(L) <= LU{z} is linearly independent.
Proof. We prove the contrapositive statement:

x € span(L) <= LU{z} is linearly dependent.

(=) If = € span(L), then there exist x1,...,2, € L and a1, ..., a, € K not all zero, such that

n
Xr = E ;5.
=1

Rewriting, we obtain a nontrivial linear relation

n
T — g a;x; =0
i=1

among vectors in L U {z}, so this set is linearly dependent.

(<) Conversely, suppose that L U {z} is linearly dependent. By definition, there exist vectors
Z1,...,Tn € LU{z} and scalars a1, ..., a, € K, not all zero, such that

n
E ;T = 0.
=1

Since L is linearly independent, at least one of the x; must be equal to x. Choose an index ig
such that x;, = x. Necessarily, a;, 7# 0, otherwise the relation would involve only vectors from L,
contradicting independence of L. Solving for x, we obtain

1 n
=—-—— ;x; € span(L).
x on ZE a;z; € span(L)

1
iio

Thus x € span(L), completing the proof. O



Theorem 2.1 (Characterizations of a basis in arbitrary vector spaces). Let V' be a vector space
over a field K, and let B C V. The following statements are equivalent:

(i) B is a basis of V, that is, B is linearly independent and span(B) = V.

(ii) B is a minimal generating set of V', meaning that span(B) =V and for every subset A C B
one has span(A) # V.

(iii) B is a maximal linearly independent set in V', meaning that B is linearly independent and
for every subset L CV such that B C L, the set L is linearly dependent.

The proof is postponed to the next lecture.



Linear Algebra — Lecture 9: Bases (3) and Introduction to
Dimension

1 Bases

Lemma 1.1 (Adding one vector to a linearly independent set). Let V' be a vector space over a field
K, let L C 'V be a linearly independent set, and let x € V. Then

x ¢ span(L) <= LU{z} is linearly independent.

Theorem 1.1 (Characterizations of a basis in arbitrary vector spaces). Let V' be a vector space
over a field K, and let B C V. The following statements are equivalent:

(i) B is a basis of V, that is, B is linearly independent and span(B) = V.

(ii) B is a minimal generating set of V, meaning that span(B) =V and for every subset A C B
one has span(A) # V.

(iii) B is a maximal linearly independent set in V', meaning that B is linearly independent and
for every subset L C V such that B C L, the set L is linearly dependent.
Proof. We prove (i) = (ii) = (iii) = (i).

(i)=(ii). Assume B is a basis of V. In particular, span(B) = V. Let A C B be a generating set of
V, ie. span(A) = V. We claim that A = B.

Indeed, suppose for contradiction that A # B. Then there exists x € B\ A. Since A generates
V', we can write

n
T = E a;x;  for some xq,...,2, € A and ay,...,a, € K.

i=1

Rearranging gives a nontrivial linear relation among vectors in B:

n
T — g a;x; =0,
i=1

where z € B and each x; € A C B, and the coefficient of x is 1 # 0. This contradicts the fact that
B is linearly independent. Hence A = B, so B is minimal among generating sets.

(ii)=>(iii). Assume that B is a minimal generating set of V.

First, B is linearly independent. Suppose, by contradiction, that B is linearly dependent. Then
there exist distinct vectors z1,...,x, € B and scalars a1, ..., a, € K, not all zero, such that

n
E ;T = 0.
=1

1



Choose an index ig such that «o;, # 0. Then

T, € Span(B \ {xio})v

and hence
span(B) = span(B \ {zi,}),

which contradicts the minimality of B as a generating set. Therefore B is linearly independent.

Nezxt, B is maximal linearly independent. Let L C V be a linearly independent set such that B C L.
We claim that L = B. Suppose, by contradiction, that B C L, and choose z € L\ B.

Since B generates V', we have z € span(B). By the previous lemma, this implies that B U {x}
is linearly dependent. As B U {z} C L, it follows that L is linearly dependent, contradicting the
assumption that L is linearly independent. Hence no such z exists, and therefore L = B.

Thus B is a maximal linearly independent subset of V.

(iii)=(i). Assume that B is a maximal linearly independent subset of V. We show that B generates
V.
Suppose, by contradiction, that span(B) # V. Then there exists x € V such that x ¢ span(B).
Since B is linearly independent, the previous lemma implies that B U {x} is linearly independent.
This contradicts the maximality of B, since B C BU{z}. Therefore span(B) = V, and together
with linear independence, we conclude that B is a basis of V.

We now specialize to finite-dimensional vector spaces. In this context, we can prove the existence
of bases and relate them to dimension.

Theorem 1.2 (Every spanning list contains a basis). FEvery spanning list in a vector space can be
reduced to a basis of the vector space.

Proof. Suppose v1,...,v, spans V. We want to remove some of the vectors from vy, ..., v, so that
the remaining vectors form a basis of V. We do this through the multistep process described below.
Start with B equal to the list vq,...,v,.

Step 1. If v; = 0, then delete vy from B. If vy # 0, then leave B unchanged.

Step k. If vy isin span(vy, ..., vg_1), then delete vi from the list B. If vy is not in span(vy, ..., vg_1),
then leave B unchanged.

Stop the process after step n, getting a list B. This list B spans V' because our original list
spanned V' and we have discarded only vectors that were already in the span of the previous vectors.
The process ensures that no vector in B is in the span of the previous ones. Thus B is linearly
independent, by the linear dependence lemma. Hence B is a basis of V. O

Theorem 1.3 (Basis of a finite-dimensional vector space). Every finite-dimensional vector space
has a basis.

Proof. By definition, a finite-dimensional vector space has a spanning list. The previous result tells
us that each spanning list can be reduced to a basis. O

Exercise 1.1 (Every linearly independent list extends to a basis). FEvery linearly independent list
of vectors in a finite-dimensional vector space can be extended to a basis of the vector space.

Theorem 1.4 (Every subspace of V' is part of a direct sum equal to V). Suppose V' is finite-
dimensional and U is a subspace of V. Then there exists a subspace W of V' such that

V=UaW.



Proof. Since V is finite-dimensional, the subspace U is also finite-dimensional. Thus U has a basis
Ui, ..., Un. This list is linearly independent in V', so it can be extended to a basis

UlyeeoyUm, WLy ..., Wn

of V. Let
W = span(wi, ..., wy).

We show that V = U & W by proving that
V=U+W and UNW ={0}.

First, let v € V. Because the vectors ui, ..., um, w1, ..., w, form a basis of V', there exist scalars
A1y, Qm,b1,...,b, € F such that

v=a1u1 + -+ aplUp + biwy + - - - 4 bpwy,.

Set
u=aiul + -+ apy, € U, w=bywy + -+ byw, € W.

Then v = v + w, showing that v € U + W. Hence V =U + W.
Now suppose v € U N W. Then there exist scalars ay,...,am,b1,...,b, € F such that

v=ajui + -+ aplly = bjwy + - - - + bpwy,.

Subtracting, we obtain

aiul + -+ @y — bwy — -+ — bpwy, = 0.
Because the vectors uq, ..., um, w1, ...,w, are linearly independent, all coefficients must be zero.
Thus v = 0, and therefore U N W = {0}. O

Introduction to Dimension

Although we have been discussing finite-dimensional vector spaces, we have not yet defined the
dimension of such an object. How should dimension be defined?
A reasonable definition should force the dimension of F™ to equal n. Notice that the standard

basis
(1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1)

of F” has length n. Thus we are tempted to define the dimension as the length of a basis.

However, a finite-dimensional vector space in general has many different bases, and our at-
tempted definition makes sense only if all bases in a given vector space have the same length.
Fortunately, that turns out to be the case, as we now show.

Theorem 1.5 (Basis length does not depend on the basis). Any two bases of a finite-dimensional
vector space have the same length.

Proof. Suppose V is finite-dimensional, and let B; and By be two bases of V. Because Bj is linearly
independent and Bj spans V, the length of B; is at most the length of Bs. Interchanging the roles
of By and Bs, we also see that the length of Bs is at most the length of B;. Thus the two bases
have the same length. O



Now that we know that any two bases of a finite-dimensional vector space have the same length,
we can formally define the dimension of such spaces.

Definition 1.1 (Dimension). The dimension of a finite-dimensional vector space is the length of

any basis of the vector space.
The dimension of a finite-dimensional vector space V is denoted by dim V.

Theorem 1.6 (Dimension of a subspace). If V is finite-dimensional and U is a subspace of V,

then
dimU < dimV.

Proof. Suppose V is finite-dimensional and U is a subspace of V. Think of a basis of U as a linearly
independent list of vectors in V', and think of a basis of V' as a spanning list of V. Because the
length of any linearly independent list in V' is at most the length of any spanning list of V', it follows

that
dimU < dimV.
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1 Dimension

Although we have been discussing finite-dimensional vector spaces, we have not yet defined the
dimension of such an object. How should dimension be defined?
A reasonable definition should force the dimension of F™ to equal n. Notice that the standard
basis
(1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1)

of F” has length n. Thus we are tempted to define the dimension as the length of a basis.

However, a finite-dimensional vector space in general has many different bases, and our at-
tempted definition makes sense only if all bases in a given vector space have the same length.
Fortunately, that turns out to be the case, as we now show.

Theorem 1.1 (Basis length does not depend on the basis). Any two bases of a finite-dimensional
vector space have the same length.

Proof. Suppose V is finite-dimensional, and let B; and By be two bases of V. Because Bj is linearly
independent and Bs spans V, the length of B; is at most the length of Bs. Interchanging the roles
of By and Bs, we also see that the length of Bs is at most the length of B;. Thus the two bases
have the same length. O

Now that we know that any two bases of a finite-dimensional vector space have the same length,
we can formally define the dimension of such spaces.

Definition 1.1 (Dimension). The dimension of a finite-dimensional vector space is the length of
any basis of the vector space. The dimension of a finite-dimensional vector space V' is denoted by
dim V.

Theorem 1.2 (Dimension of a subspace). If V is finite-dimensional and U is a subspace of V,
then
dimU < dimV.

Proof. Suppose V is finite-dimensional and U is a subspace of V. Think of a basis of U as a linearly
independent list of vectors in V', and think of a basis of V as a spanning list of V. Because the
length of any linearly independent list in V' is at most the length of any spanning list of V', it follows
that

dimU < dimV.

O
Theorem 1.3 (Linearly independent list of the right length is a basis). Suppose V is finite-

dimensional. Then every linearly independent list of vectors in V of length dimV is a basis of
V.



Proof. Suppose dimV = n and vy, ...,v, is linearly independent in V. The list v1,...,v, can be
extended to a basis of V' . However, every basis of V has length n, so in this case the extension is
the trivial one, meaning that no elements are adjoined to vy,...,v,. Thus vi,...,v, is a basis of
V', as desired. ]

The next result is a useful consequence of the previous result.

Theorem 1.4 (Subspace of full dimension equals the whole space). Suppose that V' is finite-
dimensional and U is a subspace of V' such that

dimU = dim V.
Then U =V.

Proof. Let uq,...,u, be a basis of U. Thus n = dim U, and by hypothesis we also have n = dim V.
Thus uq,...,u, is a linearly independent list of vectors in V' (because it is a basis of U) of length
dim V. From previous Theorem, we see that uq,...,u, is a basis of V. In particular, every vector
in V is a linear combination of uq,...,u,. Thus U = V. O]

Remark (The dimension depends on the field). The real vector space R? has dimension 2, whereas
the complex vector space C has dimension 1. As sets, R? can be identified with C (and addition is
the same on both spaces, as is scalar multiplication by real numbers). Thus, when we talk about
the dimension of a vector space, the role played by the choice of the field F cannot be neglected.

In class-exercise Let n > 1. What is dimg(C"™)? What is dimc(C™)?

Theorem 1.5 (Spanning list of the right length is a basis). Suppose V' is finite-dimensional. Then
every spanning list of vectors in V of length dim'V is a basis of V.

Proof. Suppose dimV =n and vy, ..., v, spans V. The list vy,...,v, can be reduced to a basis of
V' (by Theorem 2.30). However, every basis of V' has length n, so in this case the reduction is the
trivial one, meaning that no elements are deleted from vy, ...,v,. Thus vi,...,v, is a basis of V,
as desired. O

In-class exercise. Let E be a real vector space of finite dimension n, and let U,V, W be
subspaces of E.

(a) Assume dimU + dim V' > n. Show that U NV # {0}.

(b) Assume dimU + dim V 4+ dim W > 2n. What can you say about UNV NW?

Theorem 1.6 (Dimension of a sum). If Vi and Vs are subspaces of a finite-dimensional vector

space, then
dim(V; + V3) = dim V; + dim V5 — dim(V; N Va).

Solution. (a) Since U +V C E, we have dim(U + V') < n. Using the dimension formula,
dim(U + V) =dimU +dimV —dim(U NV) < n.

Hence
dim(UNV)>dimU +dimV —n > 0,

so UNV # {0}.



(b) Set W' :=UNV. By the same formula,
dim W' =dim(UNV) =dimU +dimV — dim(U + V) > dimU + dimV — n.
Therefore,
dim W’ +dim W > (dimU + dimV — n) + dim W = dimU + dimV +dim W — n > n.
Applying part (a) to the subspaces W’ and W (inside E) gives
W' NnW #{0}.
But WnW={UnV)NW=UnVnNW,so
UNnvVnAw # {o}.

O
Proof. Let vy, ...,v, be a basis of V; N Va; thus dim(V; N V) = m. Because vy, ..., v, is a basis
of V1 N V5, it is linearly independent in V;. Hence this list can be extended to a basis
Vlyevvy Um, ULy ..., Uj
of V4 . Thus dim V; = m + j. Also extend vy,...,v, to a basis
ViyeworyUm,y,W1,y. .., Wk
of Vo; thus dim Vo = m + k.
We will show that
Ulyeooy Uy Wiy vy Uy W, - o, W (1)

is a basis of V; + V5. This will complete the proof, because then we will have
dim(Vi+WVa)=m+j+k=(m+j)+ (m+k)—m=dimV; + dim Vs — dim(V; N V3).

The list is contained in V4 U V5 and thus is contained in V7 + V5. The span of this list contains
V1 and contains V5 and hence is equal to Vi + V5. Thus to show that is a basis of V] + V5 we
only need to show that it is linearly independent.

To prove that is linearly independent, suppose

a1v1 + -+ AUy + brug + - -+ bjuj + crwy + - -+ cpwy, = 0,

where all the a’s, b’s, and ¢’s are scalars. We need to prove that all the a’s, b’s, and ¢’s equal 0.
The equation above can be rewritten as

cuwy + -+ WL = —a1V1 — - — AUy — biug — - -+ — bju;. (2)

This shows that cywy + - - - 4+ cpwy, € V4. All the w’s are in Vs, so this implies that ciwq + - -+ +
cywg € V1 N Va. Because v1, ..., v, is a basis of V1 N V5, we have

cqwy + -+ cpw = d1vy + -+ dpom

for some scalars dy, ..., d;,. But vi,..., v, w,...,wg is linearly independent, so the last equation
implies that all the ¢’s (and d’s) equal 0. Thus becomes the equation

aivy + - + amm + biug + - - + bju; = 0.

Because the list vy,..., v, u1,...,u; is linearly independent, this equation implies that all the
a’s and b’s are 0, completing the proof. ]



Linear Algebra — Lecture 11: Dimension (Conclusion) and Linear
Maps (I)

Theorem 0.1 (Dimension of a sum). If Vi and Vi are subspaces of a finite-dimensional vector
space V, then
dim(V; 4+ V3) = dim V; + dim Vo — dim(V; N V3).

Proof. Let vy, ...,v, be a basis of V; N Va; thus dim(V; N V) = m. Because vy, ...,v, is a basis
of V1 N Vs, it is linearly independent in V;. Hence this list can be extended to a basis

Vlyevry Um, ULy ..., Uj
of V4 . Thus dimV; = m + j. Also extend v1,...,v,, to a basis
Viyeo oy Um, W1y ..., W

of Vo; thus dim Vo = m + k.
We will show that
Uly ooy Uy Wiy vy Wy W, - - o, W (1)

is a basis of V] + V5. This will complete the proof, because then we will have
dim(Vi+ Vo) =m+j+k=(m+j)+ (m+k)—m=dimV; +dim Va — dim(V; N V%).

The list is contained in V3 U V5 and thus is contained in Vi + V5. The span of this list contains
V1 and contains V5 and hence is equal to V; + V5. Thus to show that is a basis of V; + V5 we
only need to show that it is linearly independent.

To prove that is linearly independent, suppose

a1v1 + -+ AUy + brug + - - + bju; + cqwy + - -+ cpwy, = 0,

where all the a’s, b’s, and ¢’s are scalars. We need to prove that all the a’s, b’s, and ¢’s equal 0.
The equation above can be rewritten as

clwy + -+ LWL = —a V1 — - — AUy — biug — - -+ — bju;. (2)

This shows that cywy + - - - 4+ cpwy, € V4. All the w’s are in Vs, so this implies that cwy + -+ - +
crwy, € V1 N Vs, Because v, ..., v, is a basis of V3 N Vs, we have

crwy + -+ cgwy, = dyvy + -+ dom

for some scalars di,...,d,. But vy,..., vy, wi,...,wy is linearly independent, so the last equation
implies that all the ¢’s (and d’s) equal 0. Thus becomes the equation

aivr + -+ amUm + brur + -+ + bju; = 0.

Because the list v1,...,vp,u1,...,u; is linearly independent, this equation implies that all the
a’s and b’s are 0, completing the proof. O



1 Linear functions

2.1.1

Let V and W be vector spaces over a field F'. We say that a function f : V — W is linear, or a
vector space homomorphism, if

flx+y)=f@)+ fly),  fOz)=Af(2),

for every x,y € V and every A € F. If moreover W = V| we say that f is an endomorphism of V.

2.1.2 Examples

(a)

If V is a vector space, then the identity function
dy tx— 2
is linear. More generally, if U is a subspace of V', the inclusion U < V is linear.
If V is a vector space, the constant function
z—0
is linear.

Let X be a set and let FX be the vector space of all functions X — F. If 2 € X, the
evaluation map

[ fx)

is linear.

Let C(R) be the vector space of continuous functions R — R and C'!(R) the space of contin-
uously differentiable functions. The map

feCR)— f € C(R)

is linear.

Let V be finite-dimensional with ordered basis B = (z1,...,x,). For x € V| we denote by
[z]p = (c1y...,¢cn) € F"

the coordinate vector of x with respect to B, i.e., the unique scalars ¢y, ..., ¢, € F such that
r=cCc1x]+ -+ cpxy.

The coordinate map
r eV —[zlge F"

is linear.

Remark. Let f:V — W be a linear map. Then

£(0) = 0.

Indeed, by additivity,

f(0) = £(0+0) = f(0) + f(0).

Adding the additive inverse of f(0) to both sides yields f(0) = 0.



Proposition 1.1. Let V be a finite-dimensional vector space of dimensionn and let B = {x1,...,zn}
be a basis of V. If W is a vector space and y1i,...,yn € W are n elements of W, then there exists
a unique linear map f:V — W such that

f(zi) =vy; for each i € [n].

Proof. Let W be a vector space and let y1,...,y, € W. We construct a function f : V — W as
follows: if z € V, then there exist uniquely determined scalars aq,...,a, € F such that

T =171+ -+ GnTn,

and we define
f(x) =ayr + - + anyn.

Let us check that the function obtained in this way is linear and satisfies the condition in the
statement.

e Suppose z,2' € V. Let ay,...,ap,b1,...,b, € F be scalars such that
r=a1x1+ -+ apr, and 2’ =bjxi+ -+ by,
By the definition of f, we have

f@)=ay1 4+ +anyn, F(@)=byr+ -+ byyn,

and therefore
f@)+ f(2') = (ary1 + -+ anyn) + (bryr +- - +buyn) = (a1 +b1)y1 + -+ (an +bp)yn- (1)
On the other hand,
42 = (a1x1+ -+ aptn) + (D121 4 - + bpy) = (a1 + b1)z1 + - + (an + by,
so the definition of f gives
fla+2") = (a1 +b)yr + - + (an + ba)yn. (2)
Since the right-hand sides of (1) and (2) are equal, we obtain
flz+a') = f(z) + f(2).
e Nowlet A€ Fand x € V. Let ay,...,a, € F be such that

T =a1%1 + -+ ApTp,

so that

f(x) =ay1 + - + anyn.
Since

AL = Aa1x1 + - -+ AapTy,
we obtain

fOr) = Aaryr + -+ Aanyn = Maryr + -+ + anyn) = Af(2).



e Finally, if i € [n], then
x; =0z + -+ 0z + 1 + 0441 + -+ - + Oz,
so the definition of f gives

f(@i) =0y + -+ 0yi—1 + 1y; + Oyiy1 + -+ - + O0yp = s

This proves existence. We now prove uniqueness.
Suppose g,¢' : V. — W are linear maps such that g(z;) = y; and ¢'(x;) = y; for each i € [n]. If
x € V, there exist scalars ay,...,a, € F such that

T =a1x1+ -+ anTy.
Since g is linear,
9(x) = glarzy + - + an@n) = a19(x1) + -+ + ang(@n) = ary1 + -+ + anYn.

Similarly,
d(z) =a1y1 + - + anyn.

Hence g(z) = ¢/(z) for all z € V, and therefore g = ¢'. O

2 Image and preimage

2.2.1

Let V and W be vector spaces and let f : V — W be a linear map. If U is a subspace of V, the
image of U under f is the subset

fOU)={f(z):z€U}

of W.
On the other hand, if U is a subspace of W, the preimage of U under f is the subset

fHU)={zeV:f(2)eU}

of V.
In particular, we call the image of f and write Im(f) the set f(V'), and we call the kernel of f
and write Ker(f) the preimage f~1(0) of the zero subspace of W.

2.2.2 Proposition
Let V and W be vector spaces and let f: V — W be a linear map.

(i) If U is a subspace of W, then the preimage f~1(U) is a subspace of V. In particular, the
kernel Ker(f) of f is a subspace of V.

(ii) If U is a subspace of V, then the image f(U) is a subspace of W. In particular, the image
Im(f) of f is a subspace of W.

Proof. (i) Let U be a subspace of W. We verify that f~1(U) is a subspace of V.



e Since f(0) =0 € U, we have 0 € f~1(U).
e If 2,y € f~'(U), then f(x) € U and f(y) € U. Since U is a subspace of W,
fle+y)=f(x)+ fy) €U,
sox+ye f ).

e If \€ Fand x € f~}(U), then
fz) = Af(z) e U,

so Az € f71(U).
(ii) Now let U be a subspace of V.
e Since 0 € U, we have 0 = f(0) € f(U).
o If z,y € f(U), then there exist v,w € U such that x = f(v) and y = f(w). Then
z+y=fv)+ flw)=flv+w)e fU),
since v +w € U.

e If A € F and x € f(U), then there exists v € U such that z = f(v). Then
Az = Af(v) = f(M) € f(U),
since \v € U.

This shows that f(U) is a subspace of .



Linear Algebra — Lecture 12: Linear Maps (1)

1 Image and preimage

2.2.1

Let V and W be vector spaces and let f : V' — W be a linear map. If U is a subspace of V, the
image of U under f is the subset

fU)={f(z):xcU}

of W.
On the other hand, if U is a subspace of W, the preimage of U under f is the subset

fHU)={zeV: f(x)eU}

of V.
In particular, we call the image of f and write Im(f) the set f(V'), and we call the kernel of f
and write Ker(f) the preimage f~1(0) of the zero subspace of W.

2.2.2 Proposition
Let V and W be vector spaces and let f: V — W be a linear map.

(i) If U is a subspace of W, then the preimage f~!(U) is a subspace of V. In particular, the
kernel Ker(f) of f is a subspace of V.

(ii) If U is a subspace of V, then the image f(U) is a subspace of W. In particular, the image
Im(f) of f is a subspace of W.

Proof. (i) Let U be a subspace of W. We verify that f~1(U) is a subspace of V.
e Since f(0) =0 € U, we have 0 € f~1(U).
o If 2,y € f~Y(U), then f(x) € U and f(y) € U. Since U is a subspace of W,
fx+y)=fl2)+fly) €U,
sox+ye fU).

e If \€ F and v € f~1(U), then
fQAz) =Af(z) €U,

so Az € f~1(U).

(ii) Now let U be a subspace of V.



e Since 0 € U, we have 0 = f(0) € f(U).
o If z,y € f(U), then there exist v,w € U such that x = f(v) and y = f(w). Then
z+y=[f)+ f(w)=flv+w) e fU),
since v +w € U.

e If A € F and x € f(U), then there exists v € U such that z = f(v). Then
Az = Af(v) = f(M) € f(U),
since A\v € U.

This shows that f(U) is a subspace of W. O

In-class exercise 1 (Even and odd decomposition). Let F(R,R) be the vector space of all functions
f:R — R. Define

P={f:R>R: VzeR, f(z)=f(—2)} and I={f:R—>R: Vo eR, f(z)=—f(-z)}
Show that P and T are complementary subspaces of F(R,R), i.e.
FR,R) =Pa&T.
Solution. Step 1: P and T are subspaces. If f,g € P and o, 8 € R, then for all z,
(af + Bg)(—2) = af (—z) + Bg(—z) = af(z) + Bg(z) = (af + Bg)(2),
so af + Bg € P. Similarly, if f,g € T, then
(af + Bg)(—2) = af (—z) + Bg(—2) = —af(z) - Bg(z) = —(af + Bg)(2),

soaf+pgel.
Step 2: the intersection is trivial. If f € P NZ, then for all x we have f(x) = f(—x) and also
f(z) = —f(—=z). Hence f(x) = —f(x), so f(z) =0 for all x, i.e. f=0. Therefore PNT ={0}.
Step 3: every function splits as even + odd. Let f € F(R,R) and define

o) = S (@) +F-0), ha) = 3 (f(@) = F(-0)
Then for all z,
o(~2) = 5 (F(-2) + f()) = g(a),
s0g € P, and
M) = 5 (F(~2) — f(2)) = ~h(),

so h €Z. Finally,

o(x) + h(z) = 3 (£() + F(-2) + 3 (/@) — F(~) = f(2),

sof=g9g+heP+TI.
Since PNZ ={0} and P+Z = F(R,R), we conclude F(R,R) =P S I.

2



In-class exercise 2 (Decomposing with a non-kernel vector). Suppose ¢ € L(V,F) and ¢ # 0.
Let uw € V' be such that u ¢ ker(p) (equivalently, ¢(u) # 0). Prove that

V =ker(p) @ {au: a€F}.

Solution. Let U = {au: a € F} = (u).
Step 1: ker(¢) NU = {0}. If v € ker(p) NU, then v = au for some a € F and also p(v) = 0.
Thus
0 =p(v) = plau) = ap(u).
Since p(u) # 0, we must have a = 0, hence v = 0.
Step 2: V =ker(p) +U. Take any x € V and set

—@ =T —au
a_cp(u)EF’ Y .
Then ()
= r—au) = r)—a u) = x—ﬂ u) =
e(y) = ¢( ) =w(x) —ap(u) = p(z) MMM) 0,

so y € ker(p). Hence x =y + au € ker(p) + U.
Since we have both V = ker(yp) + U and ker(¢) NU = {0}, it follows that

V =ker(p) ® U = ker(¢) & {au: a € F}.
Definition 1.1 (Injective). A function T : V — W is called injective if
Tu = Tv tmplies u = v.

Proposition 1.1 (Injectivity < kernel equals {0}). Let T' € L(V,W). Then T is injective if and

only if
ker T = {0}.

Proof. First suppose T is injective. We want to prove that ker 7' = {0}. We already know that
{0} C kerT. To prove the inclusion in the other direction, suppose v € ker T". Then

T(v) =0 = T(0).

Because T is injective, this implies v = 0. Thus ker T" = {0}.
To prove the implication in the other direction, now suppose ker 7' = {0}. We want to prove
that T is injective. Suppose u,v € V and Tu = Tv. Then

0=Tu—Tv=T(u—wv).
Thus u — v € ker T' = {0}. Hence v — v = 0, which implies u = v. Therefore T is injective. O

Definition 1.2 (Surjective). A function T : V' — W s called surjective if its range equals W.

Theorem 1.1 (Fundamental theorem of linear maps). Suppose V is finite-dimensional and T €
L(V,W). Then Im(T) is finite-dimensional and

dimV = dimker 7"+ dim Im(7).



Proof. Let uy,...,u,, be a basis of kerT; thus dimkerT = m. The linearly independent list
ui, ..., Uy, can be extended to a basis

ULy sUm,V1y...,Un

of V. Thus dimV =m + n.
To complete the proof, we show that Im(7") is finite-dimensional and dim Im(7") = n by proving
that
Tvi,...,Tv,

is a basis of Im(T").
Let v € V. Because uy,...,un,v1,...,0, spans V, we can write

v=aju1 + -+ Gpm + b1v1 + -+ byup,
where the a’s and b’s are in F. Applying T to both sides gives
Tv=bTvy + -+ b,Tvy,,

because each uy € kerT. This shows that Twi,...,Tv, spans Im(7T"). In particular, Im(7) is
finite-dimensional.
To show linear independence, suppose c1,...,c, € F and

aTvy + -+ c,Tv, =0.

Then

T(civr + -+ + cpvn) =0,
S0

civy + -+ cpuy € ker T
Because u1, ..., u, spans ker T, we can write

v + - ey = diug + - - dip,

where the d’s are in F. Since
Ulyeee s Uy Vs .- -y Un

is linearly independent, all coefficients must be zero. Thus ¢; = --- = ¢, =0, so Tvy,...,Tv, is
linearly independent.

Therefore Tvy,...,Tv, is a basis of Im(T"), and dimIm(7) = n. Since dimV = m + n and
dim ker T" = m, we conclude that

dimV = dimker 7" 4 dim Im(7").



Linear Algebra — Lecture 13: Linear Maps (I11)

Corollary 0.1 (Linear map to a lower-dimensional space is not injective). Suppose V' and W are
finite-dimensional vector spaces such that

dim V' > dim W.
Then no linear map from V to W is injective.
Proof. Let T € L(V,W). By the fundamental theorem of linear maps,
dimker7 = dim V' — dim Im(7).

Because Im(7") C W, we have
dimIm(7") < dim W.

Thus
dimkerT > dimV — dim W > 0.

Hence ker T contains nonzero vectors, so 1" is not injective. O

Example 0.1. Define a linear map T : F* — F3 by
T(21, 29,23, 24) = (VT 21 + W20 + 24, 921 + 322 + 223, 22 + 623 + Tz4).
Because dimF* > dim F3, the previous corollary implies that T is not injective.

Corollary 0.2 (Linear map to a higher-dimensional space is not surjective). Suppose V' and W
are finite-dimensional vector spaces such that

dimV < dim W.

Then no linear map from V to W is surjective.

Proof. Let T € L(V,W). By the fundamental theorem of linear maps,
dimIm(7) = dim V — dimker T.

Hence
dimIm(7") < dimV < dim W.

Therefore Im(7T') # W, so T is not surjective. O

Corollary 0.3 (Injective, surjective, bijective in equal dimension). Let E and F' be finite-dimensional
vector spaces such that
dim(F) = dim(F),

and let f: E — F be linear. The following are equivalent:



1. f is injective,
2. f is surjective,
3. f is bijective.
Proof. (i) = (ii). Suppose f is injective. Then
ker(f) = {0}, so dim(ker(f))=0.
By the fundamental theorem of linear maps,
dim(E) = dim(ker(f)) + dim(Im(f)).

Hence
dim(E) = dim(Im(f)).

Because Im(f) C F' and dim(F) = dim(F'), we obtain
In(f) = F,

so f is surjective.

(ii) = (iii). Suppose f is surjective. Then

Im(f)=F, so dim(Im(f))=dim(F) = dim(E).
Again using rank-nullity,
dim(ker(f)) = dim(E) — dim(Im(f)) = 0.

Thus ker(f) = {0}, so f is injective. Therefore f is bijective.

(iii) = (i). This is immediate. O

Remark. The equivalences in the corollary above are no longer true in infinite-dimensional vector
spaces.

Example 0.2 (Derivative map). Let K be a field and consider the vector space K[X]| of polynomials.
Define
f:K[X] - K[X], f(P)=P,

where P’ is the derivative of P.
Then f is linear and surjective but not injective. Indeed,

Im(f) = K[X], ker(f) = K.
Example 0.3 (Multiplication by X). Define
g: K[X] — K[X], g(P)=XP.
Then g s linear and injective but not surjective. Moreover,

ker(g) = {0}, Im(g) = {P € K[X]: P(0) = 0}.



1 Linear systems and linear maps

We now connect systems of linear equations with linear maps.

Homogeneous systems

Fix positive integers m and n, and let A;; € F. Consider the homogeneous system of m equations

in n variables
Ao +Arpzo + -+ Ay pe, =0,

Aoy + Agpxo + - -+ Az, =0,

Am,lxl + Am,2x2 + -+ Am,nxn = 0.
Clearly 1 = --- = x, = 0 is a solution. The question is whether nonzero solutions exist.

Define a linear map
T:F" —F™

by
T(x1,...,oy) = (AM:El +-F Ay, Aoizr+ -+ Aopy, oo, A+ + Ammmn).
Then solving the homogeneous system is the same as solving
T(x1,...,zy) = 0.
Thus the set of solutions equals ker(T").

Theorem 1.1 (Homogeneous system with more variables than equations). A homogeneous system
of m linear equations in n variables, with n > m, has a nonzero solution.

Proof. Let T : F"* — F™ be the linear map associated to the system. If n > m, the previous
corollary implies that T is not injective. Hence

ker(T) # {0},

so the homogeneous system has a nonzero solution. O

Non-homogeneous systems

Now consider constants cy, ..., ¢y, € F and the system
A1z + Arpzo + - + Ay pxy = c1,
A1 + Aoz + -+ Ag py = c2,

Am,lxl + Am,2332 + -+ Am,n$n =Cm-
Using the same linear map 7' : F* — F™ defined by
T(z1,...,20) = (A 121 + -+ + A, Aoqzr + -+ Aop@n, oo, Apir 4+ Amnn),

the system can be written as
T(z1,...,2n) = (C1y. -, Cm).

Thus solving the system is equivalent to asking whether

(c1y...,¢m) € Im(T).



Theorem 1.2 (More equations than variables). If a system of linear equations has more equations
than variables, then for some choice of constants the system has no solution.

Proof. Let T : F™* — F™ be defined as above. If n < m, then T is not surjective. Hence
Im(T") # F™.

Therefore there exists ¢ € F™ such that T'(z) = ¢ has no solution. O



Linear Algebra — Lecture 14: Linear maps and matrices

1 Representing a Linear Map by a Matrix

We know that if vq,...,v, is a basis of V and T": V — W is linear, then the values Tvy,...,Tv,
determine the values of T on arbitrary vectors in V. Matrices provide an efficient way of recording
the values of the T'v;’s in terms of a basis of W.

1.1 Matrices

Definition 1.1. Let m,n > 0 be integers. An m xn matrix A over a field F is a rectangular array
of elements of F with m rows and n columns:

Am,l to Am,n

The notation Ajy denotes the entry in row j, column k of A.

1.2 Matrix of a Linear Map

Definition 1.2. Let T € L(V,W). Let (v1,...,vy) be a basis of V and (w1, ..., wn) a basis of W.
The matrix of T' with respect to these bases is the m x n matrizc M(T) whose entries A}, are
defined by
TUk:Al,kw1+"'+Am,kwma k=1,...,n.

Remark. The k-th column of M(T') consists of the coordinates of T'(vy) in the basis (w1, ..., wn).

V1 A Vk ... Un,
wy Axk
M(T) = ; :
Wm, Am k

)

Remark. If T is a linear map from an n-dimensional vector space to an m-dimensional vector space,
then M(T') is an m x n matrix.

1.3 Example

Let
P3(R) = {ag + a1x + asx® + azx> : a; € R}



be the vector space of real polynomials of degree at most 3, and
Pa(R) = {bg + brz + boz? : b; € R}

the space of polynomials of degree at most 2.

Their standard bases are
(1,z,2%,2%) and (1,z,2%),

respectively.
Let D : P3(R) — P2(R) be the differentiation map defined by

We compute:
D(1)=0, D(z)=1, D(z?) =2z, D(z?) =322

Thus the matrix of D is

2 Addition and Scalar Multiplication of Matrices

2.1 Matrix Addition

Definition 2.1. The sum of two matrices of the same size is the matriz obtained by adding corre-
sponding entries.

If
A= (Aj,k) and C = (Cj7k)

are m X n matrices, then
(A+C)jk = Ajk + Cj-

Proposition 2.1. Let S,T € L(V,W). Then
M(S+T)=M(S)+ M(T).

Proof. Let (v1,...,v,) be a basis of V and (wy,...,wy) a basis of W.

Suppose
S(o) =Y Ajpwj,  T(v) = Bjrw.
j=1 Jj=1
Then .
(S +T)(vr) = S(00) + T(vx) = 3 (Ay + By,

j=1
Thus the k-th column of M(S + T') is obtained by adding the k-th columns of M(S) and M(T),
which proves the result. ]



2.2 Scalar Multiplication

Definition 2.2. The product of a scalar X and a matric A = (A;y) is the matriz obtained by
multiplying each entry by A:
()‘A)j,k = )\Aj,k-

2<3 1>+<4 2>:<6 2>+<4 2>:<10 4>'
-1 5 1 6 -2 10 1 6 -1 16
Proposition 2.2. Let A€ F and T € L(V,W). Then
MAT) = AM(T).
Proof. Suppose .
vg) = ZAj,kwj-
j=1

Then .
(AT) () = AT(v) = Y (A p)w
7j=1

Thus the k-th column of M(AT") is A times the k-th column of M(T'), which proves the result. [

2.3 The Vector Space of Matrices
Definition 2.3. Let m,n be positive integers. We denote by

My (F)
the set of all m x n matrices with entries in F.

Proposition 2.3. M,, ,(F) is a vector space of dimension mn.

Proof. Matrix addition and scalar multiplication are defined entrywise, so the vector space axioms
follow directly from the corresponding properties in F.

The zero vector is the m x n matrix whose entries are all 0.

For 1 <j <mand 1 <k <n, define E;;, € My, ,(F) by

(Ejk)rs = {1 if (r,s) = (j, k),

0 otherwise.
It is easy to check that the family
{Bjp:1<j<m, 1<k<n}

forms a basis of My, »(F). Hence the dimension is mn. O



3 Matrix Multiplication

Suppose T : U — V and S : V — W are linear maps. The composition SoT : U — W is again a
linear map.
A natural question is:

What is the relation between the matrices of S, T, and ST7

We will define matrix multiplication so that

M(ST) = M(S)M(T).

3.1 Definition of Matrix Multiplication

Definition 3.1. Let A be an m X n matriz and B an n X p matriz. The product AB is the m X p
matriz defined by

(AB); = ZAMBM.

r=1
Remark. The entry in row j, column k of AB is obtained by multiplying row j of A with column
k of B, and then summing the results.

Remark. Matrix multiplication is not commutative in general:
AB # BA

even when both products are defined.

3.2 Matrices and Composition
Proposition 3.1. Let T : U -V and S : V — W be linear maps. Then
M(SoT)=M(S)M(T).

Proof. Let (u1,...,u,) be a basis of U, (v1,...,vy) a basis of V, and (w1, ..., wy) a basis of W.
Suppose

T(up) =Y Begvr,  S(v) = Ajpw;.
r=1 J=1

Then

(S 9] T)(uk) = S(T(uk)) =5 (Z Bnkv,«) = ZBT,]CS(’UT) = ZBTJC ZAj’ij.
r=1 r=1 r=1 7=1

Reordering the sums gives

(SoT)(up) =) (Z Aj,,nB,a,k> wj.

j=1 \r=1
Thus the (7, k)-entry of M(S oT) equals

n
§ Aj,TBT,ka
r=1

which is exactly the (7, k)-entry of M(S)M(T). O



3.3 In-class exercise

Exercise 3.1 (In-class exercise). Let M,(R) be the vector space of all n x n real matrices.
Determine the center of M, (R), that is, the set of matrices

A e M,(R)
such that, for every

M € M,(R),
we have

AM = MA.



Lecture: Rank of a Matrix (I)

4. The rank of a matrix

4.1 Column rank

Let m,n € N and A € M, ,,(K) be a matrix with m rows and n columns over the field K.

Definition 1 (Column rank). The column rank of A is the dimension of the subspace of K™
generated by the n columns of A. We denote it by rg(A).

4.2 Characterization via linear maps

Proposition 1. Let m,n € N. The column rank of a matriz A € My, ,(K) is equal to the dimension
of the image
Im(f)

of the linear map
K" — K™, T — Ax.

Proof. Let (e1,...,e,) be the standard ordered basis of K”. The image of f is generated by the set
{fer), ..., fen)}.

For each i € [n], the vector
flei) = Ae;

is precisely the i-th column of the matrix A. This proves the proposition. ]

4.3 Basic properties
Proposition 2. Let m,n € N, let A € My, ,(K), and let
fixeK®— Ax € K™,

1. 0 <rg(A) < min{m,n}, and the column rank of A is zero if and only if A is the zero matriz.

2. The map f is injective if and only if rg(A) = n.

3. The map f is surjective if and only if rg(A) = m.
Proof. Since Im(f) is a subspace of K™, whose dimension is m, we have

dim(Im(f)) <m.
On the other hand, by the rank—nullity theorem,
dim(Im(f)) < dim K" = n.

These two inequalities prove (1).
Again from rank—nullity,
n = dimker(f) + rg(A).

Thus ker(f) = {0} if and only if rg(A) = n, which proves (2).
Finally, since Im(f) C K™, the map f is surjective if and only if

dim(Tm(f)) = m,
which proves (3). O



4.4 Rank of a product
Proposition 3. Let m,n,p be three nonnegative integers. If A € My, ,(K) and B € M, ,(K), then

rg.(AB) < min{rg.(A4),rg.(B)}.
Proof. Let A € My, n(K) and B € M, ,(K), and let
fa: K" — K™, x— Az,

fB: KP - K", x — Bx
be the associated linear maps.
Since the composition f4 o fp is the map
r € KP— ABx € K™,
we have
rg.(AB) = dimIm(fap) = dimIm(f4 o fB).
Because
Im(fa o fp) € Im(fa),
it follows that
rg.(AB) =dimIm(f4 o fp) < dimIm(f4) =rg.(A).
On the other hand,
Im(fao f) = fa(Im(fB)),
hence

rg.(AB) = dimIm(fa o fp) < dim f4(Im(fp)) < dimIm(fp) = rg.(B).

These two inequalities imply that

rg.(AB) < min{rg.(A), rg.(B)}.

O
4.5 Corollary
Let I,m,n,p € N and let A € M, ,,(K).
1. If B € M, ,(K) with rg(B) = n, then
1g(AB) = rg(A).
2. If C € M, (K) with rg(C) = m, then
rg(CA) = rg(A).
Proof. Since rg(B) < n, we have
rg(AB) < min{rg(A),rg(B)} < min{rg(A),n} = rg(A).
The reverse inequality is immediate, hence equality. The second part is proved similarly. O



4.6 Sylvester inequality
Proposition 4 (Sylvester inequality). Let m,n,p € N. If A € My, ,(K) and B € M, ,(K), then
rg(A) +rg(B) < rg(AB) +n.
Proof. Consider the linear maps
fa:zeK"— Ax e K™, fB:xeKP— BxeK".

From rank—nullity,
n = dimker(fa) +rg(A),

p = dimker(fp) +rg(B),
p = dimker(fa o fp) +1g(AB).
Hence
rg(AB) +n =rg(A) + rg(B) + [dimker(fp) + dimker(f4) — dimker(fa o f5)].

It suffices to show that the bracketed term is non-negative.
If x € ker(fa o fB), then fp(z) € ker(fa). Define

h:x €ker(fao fB)— f(x) € ker(fa).

Then
Im(h) C ker(fa), ker(h) C ker(fp).

Applying rank—nullity to h gives
dimker(fa o fp) = dimker(h) + dimIm(h) < dimker(fp) + dimker(f4).
This proves the inequality. O

4.7 Subadditivity of rank

Proposition 5. Let m,n be nonnegative integers. If A, B € My, o(K), then
rg(A+ B) <1g(A) +1g(B).

Proof. Let A and B be two matrices in M,, ,,(K) and consider the corresponding linear maps
fa: K" = K™ 2w Az,
fB: K" —=K"™ 1z Bux.

If x € K™, then
(fa+ [B)(z) = fa(z) + fB(2) € Im(fa) + Im(fp).

Thus,
Im(fa + fB) € Im(fa) + Im(f5).

Using the formula for the dimension of a sum of subspaces, we obtain
rg(A+ B) = dimIm(f4 + f5) < dim(Im(fa) + Im(f5))
— dimIm(f4) + dim Im(f) — dim (Im(f4) N Im(f5))
< dimIm(fa) + dimIm(fp) =rg(A) + rg(B).
This proves the proposition. O



Exercise.
Let A and B be two 3 x 3 matrices over K such that

AB = 03.
Show that at least one of the matrices has rank less than or equal to 1.

Solution 1 (using kernels and images).
Let v and v be the linear maps on K? canonically associated with A and B.
Since AB = 0, we have

uov=0.
Therefore,
Im(v) C ker(u).
Hence,
rank(v) = 3 — dimker(v) < dimker(u).
Thus,

dim ker(u) + dim ker(v) > 3.
This implies that either

dimker(u) > 2 or dimker(v) > 2.

Therefore,
rank(A) = rank(u) <1 or rank(B) =rank(v) < 1.

Solution 2 (using Sylvester’s inequality).
Since AB = 03, we have
rank(AB) = 0.

By Sylvester’s inequality,
rank(A) + rank(B) < rank(AB) + 3.

Thus,
rank(A) + rank(B) < 3.

If both matrices had rank at least 2, we would have
rank(A) + rank(B) > 4,

which is impossible.
Therefore,
rank(A) <1 or rank(B)<1.



Lecture 16: Endomorphisms — Automorphisms and Projectors

1. Endomorphisms and Automorphisms
Definition 1. Let E be a K -vector space.

1. A linear map u : E — E is called an endomorphism of E.

2. A bijective endomorphism is called an automorphism of E.

Remark 1. Assume that E is finite dimensional and u is an endomorphism of E. DBy the
Rank—Nullity Theorem,
dim(F) = dim(ker u) + dim(Im u).

However, in general we do not necessarily have
E = ker(u) @ Im(u).

We now characterize when this decomposition holds.

2. Characterization of the Direct Sum Decomposition

Theorem 1. Let E be a finite-dimensional K-vector space and v : E — E an endomorphism.
The following statements are equivalent:

1. E = ker(u) & Im(u).
2. Im(u) = Im(u?).
3. ker(u) = ker(u?).
4. ker(u) NIm(u) = {0}.

Proof. (1) = (2). We always have Im(u?) C Im(u). Let y € Im(u), so y = u(x). Write z = z1 + 2
with x; € ker(u) and z9 € Im(u). Then y = u(x2). Since 2 = u(z) for some z,

Thus Im(u) C Im(u?).
(2) = (3). We always have ker(u) C ker(u?). By rank-nullity and equality of image dimensions,

dim(ker u) = dim(ker u2),

hence equality of kernels.

(3) = (4). If y € ker(u) NIm(u), then y = u(z) and u(y) = 0. Thus u?(x) = 0, so x € ker(u?) =
ker(u). Hence y = u(x) = 0.

(4) = (1). Since dimensions add correctly and the intersection is trivial,

E = ker(u) @ Im(u).



3. Projectors
Definition 2. Let E be a K-vector space. A linear transformation u : E — E is called a projector
if
u” = u.
Proposition 1. Let u : E — E be linear. Then u is a projector if and only if

u(z) =z for every x € Im(u).

Proof. If u> = u and = u(v), then

so u? = u. O

Proposition 2. If u is a projector, then
E = ker(u) @ Im(u).

Proof. 1f x € ker(u) NIm(u), then u(z) = = and u(x) = 0, hence z = 0.
For any x € F,
z = (z—u(x))+ulx),

with  — u(z) € ker(u) and u(z) € Im(u). O

4. Projectors and Direct Sums
Proposition 3. Let E be a K-vector space and suppose
E=SaT.
Then there exists a unique projector u : E — E such that
ker(u) = S, Im(u) =T.
Proof. Every x € E has a unique decomposition x = s+t with s € S, t € T.. Define
u(x) =t.

This is well-defined because the decomposition is unique. Linearity follows directly from the direct
sum structure. Moreover,
u?(2) = u(t) =t = u(),

so u is a projector. It is immediate that Im(u) = T" and ker(u) = S. Uniqueness follows from
uniqueness of the decomposition. O



5. Matrix Form of a Projector

Suppose
E=SoeT

and choose a basis adapted to this decomposition: first a basis of S, then a basis of T'.
In this basis, the matrix of the projector u with ker(u) = S and Im(u) = T is

(b 7)

Indeed, u sends every vector in S to 0 and acts as the identity on T
From this matrix form we immediately see that

u? =u,

and therefore every projector is diagonalizable, with eigenvalues only 0 and 1.



Lecture 17: Change of bases and Similarity

Invertible Matrices

Definition 1. A square matriz A € M, (K) is called invertible if there exists a matrix B € M, (K)
such that
AB = BA =1,.

The matriz B is called the inverse of A and is denoted by A~'.
Proposition 1. If A is invertible, then its inverse is unique.

Proof. Suppose B and C' both satisfy
AB=BA=1 and AC=CA=1.

Then
B=BI=B(AC)=(BA)C=1IC=C.

Basic Properties of the Inverse

Proposition 2. Let A and C be invertible matrices of the same size.
1. (A~H7 1 = A,
2. The product AC' is invertible and

(AC)"t=cta

Proof: Exercise.

Change of bases

Theorem 1. Let T € L(U,V) and S € L(V,W).
Let (u1,...,um) be a basis of U, (v1,...,vy) a basis of V, and (w1, ...,wp) a basis of W.
Then

M(ST, (u1, ..., um), (wi,...,wp)) = M(S, (vi,...,v), (Wi,...,wp) )M(T, (u1,...,un), (vi,...,0)).

Matrix of the Identity with Respect to Two Bases

Proposition 3. Let (u1,...,u,) and (vi,...,v,) be two bases of V.
Then the matrices

ML, (ug, .. up), (V1,...,0,))  and M, (v1, ..., 0n), (U1, ... Up))

are invertible and are inverses of each other.



Proof. We apply the product formula for matrices of compositions to the identity operator.
Recall that for linear maps S, T,

M(ST, (u), (w)) = M(S, (v), (w)) M(T, (u), (v)).
Now take both maps equal to the identity:
S=1 and T=1.

Also take wy, = ug (so that the final basis is (u)).
Since I o I = I, the product formula gives

ML, (v), () MU, (u), (v)) = M(L, (), (u)).

But the matrix of the identity operator with respect to the same basis is the identity matrix.
Hence

M(I, (v), (u)) M(I, (u), (v)) = L.
Now interchange the roles of the two bases (u) and (v). Repeating the same argument gives

M(Ia (u)a (U))M(L (U)7 (u)) = Ip.

Therefore each matrix is the inverse of the other, and in particular both are invertible.

Change-of-Basis Formula

Theorem 2. Let T € L(V) and let (ui,...,uy) and (vi,...,vy,) be two bases of V.
Define
A= M(T,(ur,...,upn)), B = M(T,(v1,...,vp)),

and

C =M, (ut,...,up), (v1,...,0,)).

Then
A=C"'BC.

Proof. Using the composition formula for matrices, first write
T=1oT.

Then
M(T, (u), (v) = M(L, (v), (u) M(T, (u), (v)).

Since M(T, (u), (u)) = A and M(I, (v), (u)) = C~!, we obtain
A=C"M(T, (u), (v)).

Now write
T=Tol.



Again by the composition formula,

That is,
M(T, (u), (v)) = BC.

Substituting gives
A=C"'BC.

Similarity is an Equivalence Relation

Definition 2. Let A, B € M, (K).
We say that A and B are similar if there exists an invertible matrix P € M, (K) such that

B =P AP.
Proposition 4. The relation ~ is an equivalence relation on M, (K).

Proof. Reflexivity.
For any A, take P = I,,. Then

A=T1AI,
so A~ A.
Symmetry.
If A~ B, then
B=P'AP

for some invertible P.
Multiplying on the left by P and on the right by P~! gives

A=PBP™
Since P! is invertible, this shows
A= (P HIB(PTY,

so B ~ A.

Transitivity.
Suppose A ~ B and B ~ C.
Then there exist invertible matrices P and () such that

B =P AP, C=Q 'BQ.

Substituting,
C = Q' (PTIAP)Q = (PQ)'A(PQ).

Since PQ is invertible, we conclude A ~ C.
O

Remark 1. The equivalence class of a matrix A under this relation is called the similarity class
of A. Matrices in the same similarity class represent the same linear operator in different bases.



Exercise

Let V be a finite-dimensional vector space and let vy, ..., v, be a basis of V.
Suppose T' € L(V) is invertible. Show that

where both matrices are taken with respect to the basis vy, ..., v,.

In-Class Exercise

Let M € M4(R) satisfy

M?*+1,=0.
Show that M is similar to the matrix
0 -1 0 O
1 0 0 O
0O 0 0 -1
0 0 1 0

Let f € £(R*) be the linear operator canonically associated with the matrix M.
Since M? + I, = 0, we have
f?=-Id.

Analysis.
We look for a basis (e, e2, €3, e4) such that

fler) =e2, flea) =—e1, fle3) =es, [flea)= —es.

Knowing e; and es will be enough to define

ez = fle1),  ex= f(e3),
and the required relations will follow from f? = —Id.

Construction.
Choose e1 # 0 and define

e2 = f(e1).
Since f? = —Id,
fle2) = f(f(e1)) = —e1.

Because dimR* = 4 and dimspan(ey, ea) = 2, there exists

es ¢ span(eq, e).

Define

Again, using f? = —Id,



Linear independence.
Suppose
Arer + Agea + Azes + A\geq = 0.

Since e = f(e1) and eq4 = f(e3), this becomes

Aer + Aaf(er) + Azes + Aaf(e3) = 0.
Applying f to (1) gives

A1f(er) — Aaer + Asf(esz) — Agez = 0.

Now compute
A3(1) = Aq(2).
This yields

(AsA1 + Aada)er + (Asha — M) f(er) + (A2 + A2)es = 0.

Since e3 ¢ span(ey, e2), the coefficient of e3 must vanish:
M4 =0.
Over R, this implies
A3 =g = 0.
Returning to (1) and (2), we obtain

Arer + Aaf(e1) =0,

)\1f(€1) - /\261 =0.

As before, combining these gives
M+ A2 =0,

hence

AL =X =0.

Therefore
(ela €2, €3, 64)

is a linearly independent family, hence a basis of R*.

In this basis, the matrix of f is

0 -1 0 0
1 0 0 O
0 0 0 -1
0 0 1 0

Therefore M is similar to the desired matrix.



Lecture 18: Trace of an endomorphism

The Trace of a Matrix

Using the correspondence between matrices and linear maps studied previously, we can construct
an important invariant of endomorphisms of a finite-dimensional vector space: its trace.
We begin by recalling the definition of the trace of a square matrix and its most basic properties.

Definition 1. Let n be a nonnegative integer. The trace of a matriz A = (a; ;) of size n x n with
entries in K is the scalar .
tI‘(A) = Zai,i.
i=1

The trace function is the map
tr: M, (K) — K, Ar— tr(A).
Proposition 1. (i) For every nonnegative integer n, the function
tr: Mp(K) — K
is linear. If n > 0, it is also surjective.
(i1) Let n and m be nonnegative integers. If A € My, ,(K) and B € M, ,(K), then
tr(AB) = tr(BA).

Remark 1. In general, the matrices AB and BA whose traces we compare in part (ii) have different
S12€8.

Proof. (i) Let n be a nonnegative integer. Let A = (a;;) and B = (b; ;) be matrices in M, (K),
and let o, 8 € K.

Then
aA + BB = (aa;j + Bb;j),
SO n n n
tr(@A+ BB) = 3 (aay; + Bbii) = @ aii+ 8 bis.
i=1 i=1 i=1
Thus

tr(aA + BB) = atr(A) + B tr(B),

which shows that tr is linear.
Now suppose n > 0. To prove surjectivity, let ¢ € K be arbitrary and consider the matrix
A = cEq1, where Eq; has a 1 in the (1, 1)-position and zeros elsewhere. Then

tr(A) = tr(cE11) = c tr(Eqp) = c.

Since every ¢ € K is the trace of some matrix, the trace map is surjective.

(ii) Let A = (a; %) € My n(K) and B = (by ;) € Mpm(K).



If we write AB = (¢; ), then
n
Cij = ) i
k=1

Hence

tr(AB) = i Cij = i i a; kg ;.-
=1

i=1 k=1
Similarly, if BA = (d;;), then

m
d;; = Z bi kg,
k=1

and therefore

tI‘(BA) = Zn: dm‘ = zn: i bi’kakﬂ‘.
=1

1=1 k=1

These two double sums coincide (by renaming indices), so

tr(AB) = tr(BA).

Proposition 2. Let n be a nonnegative integer. If A,C € M, (K) and C is invertible, then
tr(C7LAC) = tr(A).

Proof. Let A,C € M,(K) and suppose C is invertible. By the second part of previous Proposition
we have

tr(C~TAC) = tr(CO ' A) = tr(1A) = tr(A).
O

According to the second part of the previous proposition, whenever n and m are nonnegative
integers and A € My, ,(K), B € M, ,(K), we have

tr(AB) = tr(BA).

For this reason, we say that the trace is cyclically invariant.
This immediately implies the following more general result.

Corollary 1. Let ng,ni,...,ni be nonnegative integers such that ng = ny. Suppose
A€ Mno,m (K>7 A € Mn17”2 (K)v sy Ap € Mnkfhnk (K)’

so that the products
A1A2--'Ak and AQAkAl

are well-defined and are square matrices. Then
tI‘(AlAQ ce Ak) = tr(Ag cee AkAl)

It is important to note, however, that despite this property, the trace of a product of matrices
does depend on the order of the factors in general: it is easy to find matrices A, B,C € My(K)
such that

tr(ABC) # tr(ACB).



Theorem 1. Let T € L(V) be an endomorphism of a finite-dimensional vector space V. If
(u1,...,up) and (v1,...,v,) are two bases of V, then

tr (M(T, (ur, ... upn))) = tr (M(T, (v1,...,vn))).

Proof. Let
A= M(T,(ui,...,uy)) and B = M(T,(vi,...,v,)).

By the change-of-basis formula, there exists an invertible matrix C' such that
A=C7'BC.
Since the trace is invariant under conjugation, we obtain

tr(A) = tr(B).

Definition 2. Let T € L(V) be an endomorphism of a finite-dimensional vector space V.
The trace of T, denoted tr(T), is defined by

tI‘(T) =tr (M(T7 (vlv cee 7Un)))7
where (v1,...,v,) is any basis of V.

Remark 2. The previous theorem shows that this definition makes sense, since the value does not
depend on the choice of basis.

Homework Exercise

Let V be a finite-dimensional vector space and let P € £(V') be a projector.
Prove that
tr(P) = dim(range P).

Remark 3. If two matrices do not have the same trace or do not have the same rank, then they
cannot be similar.

(a) The matrices

1 00 100
0 20 and 0 20
0 0 3 0 0 4

are not similar, since their traces are different.

(b) The matrices

010 010
0 0 O and 0 1
0 00 0 00

have the same trace (zero), but they have different ranks: the first has rank 1 and the second
has rank 2. Therefore they are not similar.



Remark 4. It is important to note that two matrices can have the same trace and the same rank

() Y

are not similar. Indeed, H = 215, so for every invertible matrix P,

without being similar.

(a) The matrices

P 'HP=H,
and therefore it is impossible to have P~1HP = A.
Question: Do there exist matrices S,T € M, (K) such that
ST -TS=1,7
Proposition 3. Let n be a nonnegative integer. The kernel of the trace map
tr: My(K) —» K
1s the subspace generated by the set of matrices of the form
AB — BA,
with A, B € M, (K).
Proof. Challenging exercise. O

Proposition 4. Let n be a nonnegative integer. If t : M, (K) — K is a linear map such that
t(AB) =t(BA) forall A,B € M,(K),
then there exists a scalar A € K such that
t=A\tr.

Proof. Let t : M, (K) — K satisfy the hypothesis of the statement, and assume ¢ # 0 (otherwise
the conclusion is immediate). If A, B € M, (K), then

tH(AB — BA) = t(AB) — t(BA) = 0,

so AB — BA € ker(t).
By the previous Proposition , this implies

ker(tr) C ker(?).

Since t is not the zero map and its codomain has dimension 1, it is surjective. Hence, by the
Rank—Nullity Theorem,

dim ker(t) = dim M,,(K) — 1 = n? — 1 = dim ker(tr).

Therefore,
ker(t) = ker(tr).



Now let A € M,,(K). Then
tr(A —tr(A) En) = tr(A) — tr(A4) tr(E11) =0,
since tr(F11) = 1. Thus
A —tr(A) Eq; € ker(tr) = ker(t).

Hence
0=t(A—tr(A) En1) = t(A) — tr(A) t(BEn),

t(A) = t(En) tr(A).

Setting A\ = t(E11) gives
t=Atr.



Determinants: Permutations and Alternating Multilinear Forms

1. The Symmetric Group

Definition 1. A transposition in S,, is a permutation that exchanges two elementsi,j € {1,...

and leaves all others fized.
It is denoted by T = (i j) with i # j, and satisfies:

(i) =7, 7(j) =1, 7(x)=2z forz#i,j.

Definition 2. A cycle of length k is a permutation

g = (xlxg (L‘k)
where 1, ...,z are distinct elements of {1,...,n}, defined by
o(z1) =2, ..., o(T)1) = TR, O(TY) = 21,

and fixing all other elements.

Example 1. Sy has order 2:
$, = {14,(12)}.

It 1s commutative.
S3 has order 6: it consists of the identity, three transpositions

(12), (13), (23),

and two 3-cycles

(123), (132).
It is not commutative.

Theorem 1. FEvery permutation o € S, can be written as a product of transpositions.

O =TTy " Tk.

2. Inversions and Signature
Definition 3. Let o € S,,. A pair (i,7) with i < j is called an inversion if
o(i) > o(j).
We denote by I(o) the number of inversions.

Definition 4. The signature of o is

It can also be defined by

A permutation is called

,n}



e even if (o) = +1,
e odd if (o) = —1.
Example 2. (a) Let

We compute:
o(l)y=2, 0(2)=3, o(3)=4, o(4)=5 o) =1,

which gives the first cycle
Neat,

which gives the second cycle

Y2 = (6 7).
Thus,
0 =772 = 7271,
and
e(0) = e(me(r2) = (1) x (-1) = L.
(b) Let
1 2 3 45
o= <2 3 1 5 4) =(123)(45).

Therefore,

£(0) = £((123))=((45)) = (~1)*! x (~1) = —L.
Proposition 1 (Basic properties of the signature). The signature satisfies:
1. ¢(Id) = 1.
2. Forallo,p € Sy,

3. For all o € Sy,
e(c™h) =¢e(o).

Proposition 2 (Signature of a cycle). If ¢ € S,, is a cycle of length k, then
ce) = (<D,
In particular, a transposition T = (i j) has signature —1, hence it is an odd permutation.
Proof. Let ¢ = (x1x2 ... xx). Then
c = (v17g)(21 08-1) - (21 72),

which is a product of k — 1 transpositions. Since each transposition has signature —1, we obtain



Theorem 2 (Disjoint cycle decomposition). Every permutation o € Sy, can be written as a product
of disjoint cycles. Moreover, this decomposition is unique up to the order of the cycles.

Example 3. Let

We compute the cycles.
Starting with 1:
1—2—3—4—5—1,

SO
v = (12345).
Next,
6—7, 7~ 6,
SO
Y2 = (67).

Finally, 0(8) = 8, so 8 is fized.
Thus,

0 =172 = Y271

Using the previous proposition,

e)=(=1"""=1,  e(p)=(-1)""=-L
Therefore,
(o) =e(n)e(r2) =1-(-1) = -1

3. Multilinear Maps

Let E and F be vector spaces over a field K.
Definition 5. A p-linear map from E to F is a map
f:EP=Ex---xE—F
such that for every family (vi,va,...,v,) € EP and for every i € {1,...,p}, the map
E—F

x— f(u1,..., 01, %, Vig1, ..., Up)

18 linear.
A p-linear form on E is a p-linear map from E to K.

Example 4. 1. The map R? x R? = R given by

((z1,72), (y1,92)) = T1Y1 + T2Y2

is bilinear.



2. The map
1
(u,v) — / u(t)v(t) dt
0
is bilinear on C°([0,1]).

If (e1,...,e,) is a basis of E, and

u = E a;e;, v = E bje;,

then

fu,v) = Z aib; f(ei, €;).
1,7

Alternating p-linear maps

We now study an important class of p-linear maps.

Definition 6. A p-linear map f : EP — F is said to be alternating if for every (uy,...,u,) € EP
and for all i # 7,
u=u; = f(u,...,up) =0.

Proposition 3. A p-linear map f is alternating if and only if it is antisymmetric, that is, for
all (ui,...,up) € EP and for all i < j,

flut, ooty g, up) = — flun, oo U, Uy, Up).
Proof. Suppose first that f is alternating. Let ¢ < j and fix wuy, ..., u,. Define the map
g:F* > F

by
g(x,y) = flur,...,z,...,Y, ..., up),

where x is placed in the ¢-th position and y in the j-th position.
Then g is bilinear and satisfies

Ve e E, g(x,z)=0.

We claim that
V(ZC,y) € E2a g(xvy) = —g(y,fv)

Indeed, by bilinearity,
9@ +y,z+y) =gz, z) +9(x,y) + 9(y, x) + 9(y,).
Since g(z,z) = g(y,y) = 0 and g(z + y,z + y) = 0, we obtain
9(x,y) +9(y,x) = 0,

which proves the claim.
Therefore,

Flut, ooty ug, o up) = — fUt, o Uy Uy, Up).



Conversely, suppose f is antisymmetric and let ¢ # j with w; = u;. Exchanging u; and u;
changes the sign of f, but the value itself does not change since the two vectors are equal. Hence

f(ula"'vup):_f(ula"'vup)a

S0
f(ui,...,up) =0.

O
Examples and Consequences of Alternating Maps
Example 5. Let E be a vector space of dimension 2 with basis (e1,e3).
o The bilinear form
(z1e1 + z2e2, Y161 + Y2e2) > T1Y2 — T2y
s alternating.
e The bilinear form
(z1e1 + 2202, Y1€1 + Y2e2) — T1Y1 + T2y2
is not alternating.
Proposition 4. Let f be an alternating p-linear map from E to F. If (u1,ug,...,up) is a linearly

dependent family in E, then
f(ui,ug,...,up) =0.

Proof. Since the family (u1,u,...,u,) is linearly dependent, there exists an index 4 such that
U; = Z /\kuk.
ki

By multilinearity of f in the i-th variable,

flui,...,up) = fu,... ,ui,l,Z)\kuk,uiH, CeUp) = Z)\kf(ul, e W1 Uy Wi T - - - Up).
ki ki

For each k # 4, the family
(ulv sy U1, Uy Uit 15 - - - 7up)

contains two equal vectors, namely wug in positions k£ and 4. Since f is alternating, each term in the
sum is zero. Therefore,
flui,ug,...,up) =0.

O
Let f be an alternating p-linear map from E to F and let (uj,ug,...,up) € EP. The value
f(u1,ug, ... ,up) is unchanged if one adds to one of the vectors u; a linear combination of the

others.



Proof. Let x be a linear combination of the family
(UL oo U1, U1y - - - Up).
By the previous proposition,
flut, ..o uj—1,2,uj41,...,up) = 0.

By multilinearity of f in the j-th variable,

flut, . uj—,uj + 2w, up) = flut, .o up) + flug, o w1, @040, .., Up)
= f(ur,...,up).
O
Examples and Consequences of Alternating Maps
Example 6. Let E be a vector space of dimension 2 with basis (e1,e3).
e The bilinear form
(z1e1 + 2202, Y1€1 + Y2€2) F— T1Y2 — T2y
is alternating.
o The bilinear form
(z1e1 + z2e2, Y1€1 + Y2€2) V> T1Y1 + T2Y2
is not alternating.
Proposition 5. Let f be an alternating p-linear map from E to F. If (u1,ua, ..., up,) is a linearly

dependent family in E, then
flui,ug,...,up) =0.

Proof. Since the family (u1,us,...,up) is linearly dependent, there exists an index ¢ such that
U; = Z AU
ki

By multilinearity of f in the i-th variable,
flur, .. up) = flug,. .. ,Ui—lvakuk,ui—i—lv ey Up) = Z/\kf(uh e U1, Uy Uig 1y - -+ Up).
ki ki
For each k # i, the family
(ula coes U1, Uy Uit 1,5 - - - 7up)

contains two equal vectors, namely uy in positions k£ and 4. Since f is alternating, each term in the
sum is zero. Therefore,

f(ui,ug,...,up) =0.
O
Let f be an alternating p-linear map from E to F and let (uj,ug,...,up) € EP. The value
f(u1,ug, ... ,up) is unchanged if one adds to one of the vectors u; a linear combination of the

others.



Proof. Let x be a linear combination of the family
(Ul oo U, U1y - - - Up).
By the previous proposition,
flut, .. uj—1,2,uj41,...,up) = 0.
By multilinearity of f in the j-th variable,

flut, .. uj—,uy + 2w, up) = flut, ..o up) + flug, .o w1, @040, .., Up)

— f(ul, ce ,up).
]

Proposition 6. Let f be an alternating n-linear map from E to F and let o € S, be a permutation.
Then for every (uy,ug, ..., u,) € E™,

f(ua(l)v Ug(2)y - - - aua(n)) = 5(0) f(u17u27 s 7un)-
Proof. By the previous theorem, every permutation o can be written as a product of transpositions:
0 =TTy - Tk.

Applying the antisymmetry property successively, we obtain

f(Ug(1), Ug(2)s - - s Ug(n)) = E(T1) [(Uryery (1)s Urgery(2)5 -+ + » Uz (m))
= ¢e(m1)e(m2) f(uTs"'Tk(l)’uT:s“'Tk(?)’ Tt u‘f3'“7'k("))
= 6(7’1)6(7’2) s 'E(Tk) f(ul, Uy .« ,un).

Since the signature of a product is the product of the signatures,
6(7’1)5(7‘2) s E(Tk) = 8(7’17’2 cee Tk) = E(U),

which proves the result. O



Determinants: Permutations and Alternating Multilinear Forms

0.1 Expression of an alternating n-linear map in dimension n

In this subsection F is a K-vector space of dimension n. Previously, we have seen that if f is an
alternating n-linear map, then for every transposition 7 € S,, and for every u € E™ we have

f(uT(l)’uT(2)7 s 7u7(n)) = _f(u17u27 <o ’un)a

or equivalently
f(u‘r(l)v Ur(2)) - - 7u7’(n)) = E(T)f(ulv U2y« v 7“”)? (2)

where € denotes the signature of S,.

Proposition 1. Let f be an alternating n-linear map from E to F and let o be a permutation in
Sn. Then for every (ui,ug,...,u,) € E™,

f(ua(1)7u0(2)7 s 7ua(n)) = 5(a>f(u17 uz, ... aun)-
Proof. By Theorem seen in previous lecture, o can be written as a product of transpositions
O=TITo " Tk.

Using equality (2) successively we obtain

f(ug(l)’ Ug(2)) - - - 7u0(n)) = g(Tl)f(uTQ-"Tk(l)7uTQ---Tk(Z)? (R uTQ"'Tk(?’L))

= 6(7—1)6(7—2)f(u73~-7k(1)7 Urgeorpy(2)y -+ - 7uT3~"7'k(n)>

=e(r)e(re) - -e(mr) f(ur, ug, . . ., up).

Since the signature of a product is the product of the signatures, hence

e(r1)e(me)--e(my) =e(romo---o1g) =e(0).

This proves the result. O
Proposition 2. Let ¢ be an alternating n-linear map on E and let B = (ey, ea,...,e,) be a basis
of E. If ui,us,...,u, are vectors such that

n
Vj e {1,...,7],}, uj:Zamei,
=1
then

(p(uh U2y - -y un) = Z 8(O-)ao(l),laa(2),2 “Qg(n)n @(617 €2, .. 7671)' (3)
O’GSn



Proof. One can check (exercise) that we have

o(ur,ug, ..., up) = E @iy 10in,2 Wiy P (€115 €igy oo €4 ).
1Si17---7ingn

We can rewrite the sum as
Z As(1),10¢(2),2 " " aa(n),n(p(eo(l)v €a(2)s -+ ea(n))'

When o is not a permutation (i.e. not a bijection), the family

(60(1)7 €a(2)y - ea(n))
contains at least two equal vectors. Since ¢ is alternating, the image is therefore zero. Hence the

sum reduces to permutations:

P(ur g, Un) = Y Ga(1)1002)2* Go(m)nP(€a(1) €a(2): - - > Ealn))-
G’GSTL

Using previous Proposition we obtain

p(ur g, . n) = Y (0)a(1)1002)2** Go(m)nP(€1,€2, - -, €n).
O'GSn

O]

Proposition 3. The set of alternating p-linear maps from E to F is nonempty and stable under
linear combinations. Hence it is a vector subspace of the vector space F(EP, F). In particular, the
set of alternating p-linear forms on E is a vector space, denoted AP(E).

Proof. Exercise O

0.2 Alternating n-linear forms on a vector space of dimension n

In this subsection we also assume that E is a K-vector space of dimension n. We first characterize
alternating n-linear forms in dimensions 2 and 3 in order to understand the general case.

Case of dimension 2. Let E be a K-vector space of dimension 2 with basis (e, e2) and let ¢
be an alternating bilinear form on E. Let u and v be two vectors in E written as

u = a1eq + ases, v = bie1 + byes.

By bilinearity of ¢ we obtain

o(u,v) = p(arer + agez, bieg + baea)

= abip(er,e1) + arbap(er, ea) + asbip(ea, e1) + azbap(ea, €2).

Since ¢ is alternating we have

p(er,e1) = p(ez,e2) =0, p(ez,e1) = —p(e1, e2),



hence

o(u,v) = (arba — agby)p(er, e2).

Therefore ¢ is proportional to the alternating bilinear form

©o: E? = K, (u,v) — a1by — agb;. (5)

Moreover, if we impose (e, e2) = 1, then ¢ = .

Case of dimension 3. Let E be a K-vector space of dimension 3 with basis (e, ez, e3) and let
© be an alternating trilinear form on E. Let uj,u9,us be three vectors in E written as

3
Vj e {1,2,3}, Uj = Zai,jei.
=1

By trilinearity we obtain

3 3 3
p(u1, uz, ug) Z Z Z 101,20 3P (ks €15 €m).-

k=1 1=1 m=1

Since ¢ is alternating, ¢(ex, €, €,,) = 0 whenever k, [, m are not all distinct. Moreover,

p(e1,e3,e2) = p(es, e2,e1) = p(ez, e1,e3) = —p(e1, ez, €3),
p(e2,e3,e1) = —p(es, e2,e1) = p(e1, ez, e3),
p(es,e1,e2) = —p(er,es, ea) = @(er, ez, e3).

Hence we obtain

o(ur, uz, ug) = (+a1,1022a33 — 41,103 2023 + 02,143 2013
—a2,101,2033 + a31012023 — a3,1a2,2a1,3)<ﬂ(€1, €2, 63)~
Therefore ¢ is proportional to the alternating trilinear form

wo: B} = K,
(ulv uz, UB) — +0a1,1022033 — G1,103,2023 + 02,103 2013

—a21a12033 + 3101 2023 — 03102201 3. (6)

If we impose p(e1,e2,e3) = 1, then ¢ = y.
Theorem 1. Let B = (e1,ea,...,e,) be a basis of E.

(a) There exists a unique alternating n-linear form pg on E such that

woler, ez, ..., en) = 1.



(b) Every alternating n-linear form on E is proportional to g

Proof. Let u; = Y"1 | a; je; for every j € {1,...,n}.
Define g : E™ — K by
(7)

ng(ul, Uy e vy un) = Z 5(0‘)@0(1),1010-(2)72 T aa(n)m
€Sy

Formula (3) shows that every alternating n-linear form ¢ is proportional to (g, and more

precisely
¥ = 80(617 €2,... ,€n)900.

en) = 1, then ¢ = g, which proves uniqueness. It remains to show

In particular, if p(eg, eg, .. .,
en) = 1.

that g is an alternating n-linear form satisfying ¢g(e1, eg, .
The expression of ¢q clearly shows that it is n-linear.

Let us prove that if u; = u; for i # j, then
(p()(ul,UQ, ey un) =0.

Let 7 = (ij) be the transposition exchanging ¢ and j, and let A4,, C S, be the set of even

permutations. The set of odd permutations is
Apr={or |0 € An}.

Hence we can write

po(ur, ug, ... un) = > e(o H%(k

gESy

= Z H“a(k),k— Z H%T(k)k

o€A, k=1 o€A, k=1

Now we have
Uor(i)i = Qo (j),i = Qo(h).s Uor(j),j = Qo(i),j = Qo(i),is
since u; = u;.
Moreover,
Uor(k) e = Oo(k)e  fOr k & {d,7}.

Hence
n

H UTk)k_Haa(k

and therefore
(po(ul,UQ, ey un) = 0.

Finally, let us verify that
wol(er,e2,...,en) = 1.

By definition of (g,
wo(er,e2,...,e,) = Z €(0)0(1),105(2),2 " * * Vo (n) n>

O'ESn
where (0; j)1<i j<n is the matrix of the components of ey, e, .

that is, the idengity_matrix I,.
In the above sum:

., ep in the basis (e, eq,...,ey),



e if o is not the identity, there exists i such that o(i) # i, hence d4(;); = 0, and therefore the

product vanishes;

e if 0 = Id, then

Hence
O

Corollary 1. Let E be a K-vector space of dimension n. The space A"(E) of alternating n-linear
forms on E is a vector space of dimension 1, generated by q.



Definition of determinants

We now introduce the notion of determinant using the alternating n-linear form constructed in
the previous section.

Definition 1. Let E be a K-vector space of dimension n and let B = (e1,ea,...,¢e,) be a basis of
E. Let pg be the unique alternating n-linear form such that

voler, e, ... eq) = 1.
For vectors ui,u9,...,u, € E, the scalar
dgt(ul,uQ, cosun) = wo(ut,ug,y .. Uy
is called the determinant of the family of vectors (uy,us,...,u,) with respect to the basis B.
The map
(uy,ug, ..., up) — dgt(ul,m, ceeyUp)

1s called the determinant associated with the basis B.

Since A" (E) is a vector space of dimension 1, every alternating n-linear form on F is proportional
to detp.
In particular, if B’ is another basis of F, then there exists a scalar A such that

det = Adet.
B B

Evaluating at B gives
A= dBe,t(B),

and therefore for every (uy,...,u,) € E" we have

dg{t(ul, CeyUp) = dBe/t(B) dgt(ul, ceey Up).

0.1 Determinant of an endomorphism

Proposition 1. Let f : E — E be a linear map. There exists a unique scalar A such that for every
basis B and every (uq,...,u,) € E™,

dgt(f(ul)v f(u2)7 SRR f(un)) = Adgt(ubu% SRR un)
This scalar is called the determinant of f and is denoted

det(f).

Moreover, for any basis B,

det(f) = det(f(B))-



Proof. Uniqueness. Suppose that a scalar A satisfies
det(f(u), f(ua), -, Flun)) = A dlet(m, ., )

for every (ui,ug,...,u,) € E™.
Taking in particular (uj,ue,...,u,) = B, we obtain

A= det(f(B)).

Hence ) is uniquely determined.

Existence. Fix a basis By of E. The map
(1t s t) = ot (), f(u2), ., f(un)
0

from E™ to K is clearly an alternating n-linear form. Therefore it is proportional to detp,. Hence
there exists a scalar A such that for every (uq,us,...,u,) € E™,

dBeot(f(ul), flu2), ..., flup)) =X dBeOt(ul,uQ, ceey Up). (8)

Now let B be any basis of F. Since detp is an alternating n-linear form, it is proportional to
detp,. Thus there exists a scalar « such that

det = « det .
B Bo
Multiplying relation (8) by «, we obtain, for every (u1,us,...,u,) € E",
« det(f(ul)a f(u2)7 ceey f(un)) =\ det(u17u27 s ,un)'
BO BO
Since detp = a detp,, this becomes

det(f(un), f(u), -, f(n)) = A det(u,uz, .., ).

This proves the result. ]

In-class Exercise

Let (e1,...,e,) be a basis of a vector space E and let

n
a = E Q€.
1=1

Compute
det(ey + bia, ez + baa, ..., e, + bya),

where the determinant is taken with respect to the basis (e, ..., en).



0.2 Determinant of a square matrix

We now consider square matrices in M, (K).

Definition 2. Let A be a square matriz of order n. The determinant of A is defined as the
determinant of its column vectors in the canonical basis of K™. It is denoted det(A) or det A.
If A= (a;j)i1<ij<n, then the determinant of A is written

a/171 “ . a17] “ . a17n
det A= |a;n -+ ai; - Gip|-
an71 o« o o an7] o o o an7n

Corollary 1. The determinant of a matrix is an alternating n-linear form of its column vectors.

Example 1. 1. For a 2 X 2 matrix,

a1l 612

=a1,1622 — 02101 2.
a1 Q22

2. For a 3 x 3 matriz,

a1 ar2 ais
a1 Q22 Q23| = 01,1022a033 1+ a12023031 + a1,302,1032
a31 asz2 as3

—@1,1023G3,2 — A1,2021G3 3 — A1,3022031-

Proposition 2. Let E be a K-vector space of dimension n. If (u1,...,u,) is a family of vectors
in E whose matriz of coordinates in a basis B = (e;)1<i<n is A, then

det A = dgt(ul, Cey Up).

Proof. This follows directly from the previous definition. O

Example 2. If D is a diagonal matrix with diagonal entries \1,..., A, then
n
det D =[]\
i=1

Indeed, D is the matriz of the family (A1e1, Agea, ..., Apey) in the basis B = (e1,...,e,). Hence

n

det D = d}gt(/\lel, Ao€2, ..., Apep) = (}:[1 /\i> d}gt(el, N 21:[1)\1

Proposition 3. Let f be an endomorphism of a K-vector space E of dimension n and let B =
(ei)1<i<n be a basis of E. If A is the matriz of f with respect to the basis B, then

det f = det A.



Proof. Both determinants equal the determinant of the family (f(ey1), f(e2),..., f(en)) in the basis
B. O

Proposition 4. If A = (a;;)1<ij<n is a square matriz of order n, then

det A = Z 5(0’)CLU(1),16LU(2)’2 . ao(n),n'
O’GSn

Proof. Let uy,...,u, be the column vectors of A expressed in a basis B. By the previous proposi-
tion,
det A = dgt(ul, ey Up).

The map
(Uty .oy up) dgt(ul, cey Up)

is alternating n-linear and satisfies detg(B) = 1. Hence by the uniqueness of the alternating
n-linear form, it coincides with the form ¢y defined previously. O

Let us verify the formula when n =2 and n = 3.
For n = 2, the symmetric group is

So = {Id, 112},
where 71 9 = (12).
If
4o <a1,1 a1,2) ’
a1 G2
then

det A = E(Id)a1,1a272 + 5(7'1,2)61271@172 =a1,1022 — 02,1041 2.

For n = 3, the symmetric group is

53 = {Ida 71,2,71,3,72,3,C1, 02}7

where
T12=(12), m3=(13), m3=(23), c1=(123), c2=(132).
If
a1 ai2 a3
A= |a21 a22 a3 ]|,
asy1 as2 asg3
then

det A = a1 1022033 + 12623031 + a1,302,1a32

—a1,2021G33 — A1,302203 1 — 41,102,303 2.

Proposition 5. Let A = (a;;) € M,(K) be an upper-triangular matriz with diagonal entries
AM,y.vos An. Then
det A = )\1A2 s )\n-



Proof. Recall the Leibniz formula for the determinant:

det A = Z g(a)ao(l),laa(Z),Q ©r Qg (n)

€Sy
Since A is upper-triangular, we have
a;; =0 whenever i > j.

Let 0 € S,, be a permutation different from the identity (1,2, ...
k such that
o(k) > k.

The factor appearing in the corresponding term of the sum is

Ao (k),k>

which lies strictly below the diagonal. Hence

aa(k),k =0.

7n.

,n). Then there exists an index

Therefore every term in the Leibniz sum corresponding to a permutation o # (1,...,n) vanishes.
The only permutation that gives a nonzero contribution is the identity permutation. The

corresponding term is

41,1422 Apn-

Since ay j = A, for each k =1,...,n, we obtain

det A = )\1A2~--)\n.



Properties of the determinant

Throughout this section, F is a K-vector space of dimension n.

Theorem 1. Let B be a basis of E. If (u1,us,...,u,) is a family of n vectors in E, then the
following properties are equivalent:

1. (u1,ug,...,u,) is a basis of E;
2. detp(ui,ug,...,uy) # 0.

Proof. (1) = (2). Assume that B’ = (uj,us,...,uy) is a basis of E. Then detp: is an alternat-
ing n-linear form on F, so since the space of alternating n-linear forms is one-dimensional, it is
proportional to detp. Hence there exists A € K such that

dBe/t(vl,vg, ceyUp) = A dgt(vl,vg, ceeyUp)

for all (vy,va,...,v,) € E™.
Applying this to (u1,us,...,u,), we obtain

dg{t(ul,uQ, ceyUp) = A dgt(ul,uQ, ceey Up).

Since (u1,usg,...,u,) = B’, we have

dE%t(ul, Uy vy Up) = 1.

Therefore,
dgt(ul,uQ, cey ) # 0.

(2) = (1). We prove the contrapositive. If (u,usg,...,u,) is not a basis of E, then the family
is linearly dependent. Since detp is alternating, it vanishes on every linearly dependent family.
Hence

d}gt(ul, U2, ..., Up) = 0.

This proves the equivalence. O
Proposition 1. Let f and g be endomorphisms of E, and let A € K. Then:

1. det(Af) = A" det(f);

2. det(f o g) = det(f)det(g).

Proof. Let B = (e1,ea,...,6e,) be a basis of E. Then

det()‘f) = dgt(/\f(el)7 )‘f(62)7 SO /\f(en)) = A" dgt(f(el)a f(€2), ceey f(€n>),

SO
det(A\f) = A" det(f).

Also,
det(f o g) = det(f(g(er)), flg(e2)).- -, f(glen))).



By the defining property of det(f),
det(f(g(er)), ... flg(en))) = det(f) det(gler),. .., glen)).

Hence
det(f o g) = det(f) det(g).

Proposition 2. Let A,B € M, (K) and let A € K. Then:
1. det(NA) = A" det(A);
2. det(AB) = det(A) det(B).

Proof. Let f be the endomorphism of K™ canonically associated with A. The matrix of Af in the
canonical basis is AA. Therefore,

det(AA) = det(Af) = A" det(f) = A" det(A).

Now let g be the endomorphism of K™ canonically associated with B. The matrix of f o g in
the canonical basis is AB. Thus,

det(AB) = det(f o g) = det(f) det(g) = det(A) det(B).
O

Proposition 3. 1. An endomorphism f of E is bijective if and only if det(f) # 0. In that case,

det(f~1) = detl( 7

2. A matrixc A € My, (K) is invertible if and only if det(A) # 0. In that case,

1

det(A™) = 5

Proof. 1. Let B = (e, e2,...,€,) be a basis of E. Then
det(f) = dgt(f(el)a f(62), ceey f(en))

By the theorem above, det(f) # 0 if and only if (f(e1), f(e2),..., f(en)) is a basis of E, that
is, if and only if f is bijective.
If f is invertible, then

fofl=Idg.

Taking determinants and using multiplicativity, we obtain
det(f) det(f~!) = det(Idg) = 1.

Hence
1

det(f~1) = det ()’




2. Let f be the endomorphism of K™ canonically associated with A. Then
det(A) = det(f),

and A is invertible if and only if f is bijective. By part (1), this is equivalent to det(A) # 0.

If A is invertible, then
det(A) det(A™) = det(I,) =1,

SO .
det(A™!) = det(4)’

O]

Corollary 1. 1. Let f and g be endomorphisms of E, with g invertible. Then

det(go fog™t) = det(f).
2. Let A, B € M, (K) with B invertible. Then
det(BAB™') = det(A).
Proof. Using multiplicativity and the formula for the determinant of the inverse, we get
det(go fog') = det(g) det(f)det(g ') = det(g) det(f) de‘:(g) = det(f).
The matrix version is proved in the same way:
det(BAB™1) = det(B) det(A) det(B™1) = det(A).

O

Proposition 4. For every matriz A € M, (K),
det(A) = det(A").
Proof. Consider the two maps on (K™)™ defined by
(C1,Cs, ..., C) —s det(Ch, O, ..., Cn)

and
Cy
Cy
(Cl, Coy, ..., Cn) — det
C
Both are alternating n-linear forms on K™. Since the space of alternating n-linear forms is one-
dimensional, they are proportional. Thus there exists A € K such that for every A € M, (K),

det(A) = Adet(AT).

Taking A = I,,, we obtain
1=X\-1,

hence A = 1. Therefore,
det(A) = det(AT).

Corollary 2. The determinant of a matrixz is an alternating n-linear form of its rows.



1 Let’s compute...

Proposition 5. Let A € M, (K). Then the determinant has the following properties with respect
to the rows of A:

1. If one multiplies a row by a scalar X\, then the determinant is multiplied by A.
2. If one adds to a row a scalar multiple of another row, then the determinant does not change.

3. If two rows are exchanged, then the determinant changes sign.

Proof. Since the determinant is an alternating n-linear form of the rows, properties (1) and (3)
follow immediately.

Indeed, property (1) is just linearity in one row, and property (3) follows from the alternating
property.

It remains to prove (2). Let Li,..., L, be the rows of the matrix, and suppose that we replace
the row L; by L; + ALj, where i # j.

By multilinearity of the determinant with respect to the i-th row, we have

det(Ll, oy Li—1, Ly + )\Lj,LiJr]_, - ,Ln)

= det(Ll, e 7Li—1aLi7Li+17 e ,Ln) + )\det(Ll, e 7Li—17Lj7Li+17 e ,Ln)

In the second determinant, the i-th row is L;, while the j-th row is still L;. Thus two rows are
equal, so this determinant is equal to 0.

Therefore,
det(Ll, oL, Ly + )\Lj, Litq,..., Ln) = det(Ll, ey Ln)

This proves (2). O

Example 1. Let a,b,c € K, and consider the determinant

CL2

b2,

2

1
A=]1
1 C

o R

We compute A using row operations.

First, replace
L2<—L2—L1, L3<—L3—L1.

By the previous proposition, these operations do not change the determinant. Hence

Now we factor b — a from the second row and ¢ — a from the third row. Since
b —a? = (b—a)(b+a), & —a’>=(c—a)lc+a),

we obtain



Next, replace
L3 — L3 — Lo.

Again, this operation does not change the determinant, so

2

1 a a
A=0b—-a)(c—a)|0 1 b+al.
0 0 c—b
The matriz is now upper triangular. Therefore, its determinant is the product of its diagonal
entries:
1 a a?
0 1 b+al=1-1-(c—b)=c—0.
0 0 c—b
Hence

A= (b—a)(c—a)(c—Db).

In-class Exercise
Let A = [a; ;] € M4(Q) be a matrix such that each entry is either —2 or 3. Show that
det(A)

is an integer multiple of 125.



Cofactor expansion and Vandermonde determinants

Proposition 1. Let

A=| A 0 e My (K),

R S

where A" € M,,_1(K). Then
det(A) = ay,, det(A").

Proof. By the permutation formula for the determinant,

det(A) = Y &(0) Go(1)100@)2 " Go(m)n-
gES,

Since all the entries in the last column are zero except possibly the last one, any term with
o(n) #n

vanishes. Therefore

det(A) = Z 6(0) A5(1),1%5(2),2 " * " Go(n—1),n—1n,n-
oESy,
o(n)=n
Now, if o € S,, satisfies 0(n) = n, then its restriction to

{1,...,n—1}

is a permutation s € S,_1. Conversely, every permutation s € S,_; extends uniquely to a permu-
tation o € S, such that o(n) = n. Moreover,

e(o) = ¢(s).

Hence

det(A4) = ann Z e(s) Qs(1),105(2),2 " * * As(n—1),n—1-
SESn71

The sum on the right is exactly det(A’). Thus

det(A) = ap, det(A").

Minors and cofactors
Definition 1. Let A = (a;;) € M,,(K) and leti,j € {1,...,n}.
1. The minor of the entry a; ; is the determinant
A

of the matriz obtained from A by deleting the i-th row and the j-th column.



2. The cofactor of the entry a; j is the scalar
(1) A
Theorem 1 (Cofactor expansion along a column). Let A = (a;;) € My(K). Then for every
jedl,...,n},
n . .
det(A) = Z ai’j(—l)H]Ai,j.
i=1
Proof. Let C4,...,C}, be the columns of A, and let
B =(e1,...,en)

be the canonical basis of K™.
Fix j € {1,...,n}. Since

n
Cy = aijei,
i=1
multilinearity of the determinant with respect to the j-th column gives

det(A) = dgt(Ch . ,Cj_l, Cj, Cj+1, o, Cp)

n
=det | Cp,...,Ci_q, a; i€, Civy,...,C
B(l ]122,]1 7+1 n)
1=

n
= Zai’j dgt(Cl, e ,ijl, €, Cj+1, ey Cn)
=1
For each i € {1,...,n}, set
D; ;= dgt(Cl, R ,Cj_l, €5, Cj+1, o Ch).
Then

det(A) = Z amDi’j.
i=1

We now compute D; ;. Since the j-th column is e;, we have

ain ai2 - arj-1 0 ayrjyr 0 a1p
ag1  azz -+ agj1 0 agjpr - azn
D, .- |11 Gim12 i1l 0 ai—1541 "+ Gi—1pn
1, - .
J a1 aj2 o i1 1 a1 o i
Qit11 G412 0 Giglg—1 0 G141 o0 Qigin
an,1 an,2 te Qp j—1 0 Qp 541 T Gn.n

Now move the j-th column to the last position by performing n — j column swaps, and then
move the i-th row to the last position by performing n — ¢ row swaps. Each swap changes the sign
of the determinant, so the total factor is

(1" (1) = (<)



ai,1 a2 aj—1 aij+1 ain O

as1 G232 a2j—1 G241 azyn, 0

D — (_l)i-‘,-j ai—1,1 a;—1,2 i—1,j—1 Gi—1,5+1 Ai—1,n 0
9,j — .

/ @i41,1  Ait12 Ait1,5—1  Qitlj+1 ait1n 0

Gn,1 an,2 an,j—1 Gn,j+1 Gn.n 0

a;.1 a; 2 ajj—1 @i j41 ain 1

Expanding along the last column, we obtain
Dij = (=1)"7A;.

Therefore

n
det(A) = Z ai’j(—l)i+in7]’.
i=1

Expansion along a row

Theorem 2 (Cofactor expansion along a row). Let A = (a;;) € M,(K).

{17 s 7”};
det(A) = Zai,j(_l)i+in,j-
j=1

Proof. Apply the previous theorem to the transpose A'. Since

det(AT) = det(A),

the formula for expansion along a row follows from the formula for expansion along a column.

Vandermonde determinant

Definition 2. Let ay,...,a, € K. The determinant

1 1 1
aq a2 On
2 2 2
Vi, ...,ap) =] @ o5 on
ap™t eyt ap~!
1s called the Vandermonde determinant.
Theorem 3. For every n > 2 and every ai,...,a, € K,
Viag,..,an) = ] (o5 — )
1<i<j<n

Then for every i €

O]



Proof. We argue by induction on n.

For n =2,
1 1
a1 (9

= Q2 — O,

so the formula holds.
Assume now that the formula is true for size n — 1, and let us prove it for size n.

Starting from the Vandermonde matrix, for each ¢ = n,n —1,...,2, replace the row L; by
L; —o1L;_1.
These operations do not change the determinant. We obtain
1 1 e 1
0 g — Q1 e a, — O
V(al,...,an) =10 a2(a2_a1) an(an_al)
0 ab *(ag—a1) - a (o —aq)

Now expand along the first column. Since the only nonzero entry in that column is the first
one, equal to 1, we get

o — o o3 — o Op — 0
ag(ag — aq) ag(as —a1) -+ ap(a, —ai)
V(Oél, 70571) = . . .
n—2 ' n—2 ' n—2 '
ay “(ag —ar) oy “(az—oa1) - o (o —aq)
Factor ay — ay from the (k — 1)-st column, for each k = 2,...,n. This gives
1 1 e 1
n a9 Qs e Qg
Ve, ...,ap) = H(ak—al) : : :
P : : :
0/2172 a3*2 oan?

The remaining determinant is exactly

Hence n
Vi, ...,ap) = (H(ak - al)) Viag,...,ap).

By the induction hypothesis,

Therefore

Viag,...,apn) = <H(ak—a1)> H (o — i)

2<i<j<n

This is precisely

The proof is complete. O]



Corollary 1. For ai,...,a, € K, one has

Vi, ...,an) #0 <= au,...,q, are pairwise distinct.

In-class Exercise

Let 2g,..., 2, be pairwise distinct complex numbers. Show that the family
((X = 20)", o (X = 2)7)

is a basis of C,[X], the vector space of complex polynomials of degree at most n.

Solution

The space C,[X] has dimension n 4 1, and the family
(X —20)", ..., (X —z)")

contains exactly n + 1 polynomials. Therefore, it is enough to prove that this family is linearly
independent.
Consider the standard basis
(1, X,...,X™

of C,[X]. For each i € {0,...,n}, the binomial formula gives
n n . .
oar = (i
7=0
Thus, the coordinate column of (X — z;)" in the basis (1, X,..., X"™) is

(—z)"
(1) (==)" !

Hence the determinant of the family in the basis (1, X, ..., X™) is

(—20)" (=z1)® (=zn)"
(D(=20)"" (D(=20)"" - (P (=za)"!
det : :

Factoring out the binomial coefficients from the rows, we obtain

(—20)"  (=z)* - (—z)"
() (") e

() () e ()

(—20)  (=m) o (=)
1 1 . 1



Reversing the order of the rows, this is a Vandermonde determinant in the numbers
—20y -y —Zn.

Since zg, ..., 2z, are pairwise distinct, the numbers —zg, ..., —z, are also pairwise distinct, so this
Vandermonde determinant is nonzero.
Therefore, the family
(X —20)", ..., (X —2z)")

is linearly independent. Since it has n + 1 vectors in an (n + 1)-dimensional space, it is a basis of
C,[X].



Invariant Subspaces and Eigenvalues

Invariant subspaces

Suppose f € L(V). If m > 2 and
V=Vi® -V,

where each Vi is a nonzero subspace of V, then in order to understand the behavior of f, it is
natural to try to understand the behavior of each restriction

flvi.-

Here f|y, denotes the restriction of f to the smaller domain Vj. Since Vj is a smaller vector space
than V, studying f|y, should be easier than studying f.

However, if we want to use tools that are useful in the study of endomorphisms, then we face
a problem: the map f|y, may fail to map Vj into itself. In other words, f|y, may fail to be an
endomorphism of Vj,. This leads us to consider subspaces of V' that are mapped into themselves by

f-
Definition 1. Let f € L(V). A subspace U CV is said to be invariant under f if
flu)eU for every u € U.
Equivalently, a subspace U C V is invariant under f if and only if the restriction
flo:U—=U
is an endomorphism of U.
Example 1. Let f € L(P(R)) be defined by
flp)=p"
Then P4(R) is invariant under f, because if p € P4(R), then p’ also has degree at most 4.
Example 2. Let f € L(V). Then the following subspaces of V' are invariant under f:
{0y, V. ker(f),  Im(/).
Indeed:
e {0} is invariant under f because f(0) =0 € {0}.
o V is invariant under f because f(v) € V for everyv € V.
o ker(f) is invariant under f because if u € ker(f), then f(u) =0, hence f(u) € ker(f).

e Im(f) is invariant under f because if u € Im(f), then u = f(v) for somev € V, and therefore

f(u) = f(f(v)) € Im(f).



A natural question is whether an endomorphism f € L£(V) must admit invariant subspaces
other than {0} and V. The previous example shows that ker(f) and Im(f) are invariant under f,
but these do not always provide nontrivial invariant subspaces: it may happen that

ker(f) = {0} and Im(f) =1V,

for instance when f is invertible.

We now turn to the simplest possible nontrivial invariant subspaces, namely those of dimension
1.

Take v € V with v # 0, and let

U={\v:\eF} =span(v).

Then U is a one-dimensional subspace of V', and every one-dimensional subspace of V is of this
form for a suitable choice of v.
If U is invariant under f, then f(v) € U, hence there exists A € F such that

f(v) = .

Conversely, if
fv) =Xv

for some A € F, then span(v) is invariant under f.
This equation is important enough to deserve special terminology.

Eigenvalues

Definition 2. Let f € L(V). A scalar A € F is called an eigenvalue of f if there exists v € V' such
that
v#0 and fv) = M.

The condition v # 0 is essential, because every scalar A € F satisfies
f£(0) = X0.

Thus V has a one-dimensional invariant subspace under f if and only if f has an eigenvalue.
The following result gives several equivalent ways of recognizing an eigenvalue in the finite-
dimensional setting.

Proposition 1. Suppose V is finite-dimensional, let f € L(V'), and let X € F. Then the following
are equivalent:

1. X is an eigenvalue of f.
2. f— Aldy is not injective.
3. f— Mdy is not surjective.

4. f— Ady is not invertible.



Proof. By definition, A is an eigenvalue of f if and only if there exists v € V, v # 0, such that

f(v) = .

This is equivalent to
(f = A1dv)(v) =0

for some nonzero vector v € V. Thus A is an eigenvalue of f if and only if

ker(f — Aldy) # {0},

which means exactly that f — AIdy is not injective.
Because V is finite-dimensional and f — A Idy is an endomorphism of V', injectivity, surjectivity,
and invertibility are equivalent. Therefore (2), (3), and (4) are equivalent as well. O

Definition 3. Let f € L(V), and let A € F be an eigenvalue of f. A vector v € V is called an
eigenvector of f corresponding to A\ if

v#0 and f(v) = Av.

In other words, a nonzero vector v € V' is an eigenvector of an endomorphism f € £(V) if and
only if f(v) is a scalar multiple of v. Moreover, because

flv) =X = (f = Aldy)(v) =0,
a vector v € V with v #£ 0 is an eigenvector of f corresponding to A if and only if
v € ker(f — A1dy).

Example 3. Define f € L(F?) by
flw,2) = (—z,w).
1. First consider the case F =R. Then f is the counterclockwise rotation by 90° about the origin
in R%. An endomorphism has an eigenvalue if and only if there exists a nonzero vector that
is sent to a scalar multiple of itself. But a rotation by 90° sends every nonzero vector to a

perpendicular vector, hence never to a scalar multiple of itself. Therefore, if F = R, then f
has no eigenvalues, and consequently no eigenvectors.

2. Now consider the case F = C. To find the eigenvalues of f, we look for scalars A € C such
that

f(w,z) = Mw, 2)
has a solution other than (w,z) = (0,0).

Since
f(w,z) = (=z,w),

the equation f(w,z) = Mw, z) is equivalent to the system
—z = \w, w = Az.

Substituting the second equation into the first gives

—2=\22.



Now z # 0, because if z = 0, then the second equation implies w = 0, contradicting the fact
that (w, z) # (0,0). Therefore we may divide by z, obtaining

—1=\%

Hence
A=1 or A= —1i.

Thus the eigenvalues of f are i and —1i.

If X =1, then from

W= Az =1z

we get
z = —lw.

Hence the eigenvectors corresponding to i are exactly the vectors of the form
(w, —iw), weC, w#0.
If A = —i, then from
w= Az =—iz

we get
z = jw.

Hence the eigenvectors corresponding to —i are exactly the vectors of the form
(w,iw), weC, w#0.
Theorem 1. Let f € L(V). Then every list of eigenvectors of f corresponding to distinct eigen-
values of f is linearly independent.

Proof. Suppose the statement is false. Then there exists a smallest positive integer m such that
there exist eigenvectors

Viy--.3Um
of f, corresponding to distinct eigenvalues

Ay ey Amy
and such that the list vy,..., vy, is linearly dependent.

Because m is minimal, there exist scalars
a1y, 0y €T,

all nonzero, such that
aivy + -+ amvy, = 0.

Apply the endomorphism f — A, Idy to both sides. Using the fact that
f(vj) = Ajv; for each j=1,...,m,

we obtain
al ()\1 — )\m)’U1 + -+ am,l()\m,l — )\m)’Umfl =0.



Since the eigenvalues A1, ..., A, are distinct, we have
Aj—Am #0 forj=1,...,m—1.
Because each a; is nonzero, all the coefficients in the last relation are nonzero. Hence

V1y.-+yUm—1

is a linearly dependent list of eigenvectors corresponding to distinct eigenvalues, contradicting the
minimality of m.
This contradiction proves the theorem. O

Corollary 1. Suppose V is finite-dimensional. Then every endomorphism of V has at most dim V'
distinct eigenvalues.

Proof. Let f € L(V), and suppose that

ALy ooy Am
are distinct eigenvalues of f. For each j € {1,...,m}, choose an eigenvector v; corresponding to
Aj. By the previous theorem, the list
Viy.-o s Um
is linearly independent. Therefore
m < dim V.
This proves the result. ]

Definition 4. Let f € L(V), and let
p(X) =ap+ a1 X +asX? 4+ ap X™
be a polynomial in F[X]. We define the endomorphism p(f) € L(V) by
p(f) = aoldy +arf + asf>+ - + am f™

We have already seen that ker(f) and Im(f) are invariant under f. The same remains true for
the kernel and the image of any polynomial in f.

Proposition 2. Let f € L(V), and let p € F[X]. Then ker(p(f)) and Im(p(f)) are invariant under
f-

Proof. First let us prove that ker(p(f)) is invariant under f.
Let u € ker(p(f)). Then

p(f)(u) =0.

Because p(f) is a polynomial in f, it commutes with f. Hence

Therefore
f(u) € ker(p(f)).

This proves that ker(p(f)) is invariant under f.
Now let us prove that Im(p(f)) is invariant under f.



Let u € Im(p(f)). Then there exists v € V such that

u=p(f)(v).

Applying f, we obtain
fw) = f(p(f)(v)) = p(f)(f(v)),

again because f and p(f) commute. Hence

f(u) € Im(p(f))-

Therefore Im(p(f)) is invariant under f.



Eigenvalues and the Minimal Polynomial

Existence of eigenvalues on complex vector spaces

Theorem 1. Let V' be a finite-dimensional nonzero complez vector space, and let T' € L(V'). Then
T has an eigenvalue.

Proof. Let n =dimV > 0, and choose v € V with v # 0. Consider the list of vectors
v, Tv, T?v, ..., T™v.

This is a list of n+ 1 vectors in a vector space of dimension n, so it is linearly dependent. Therefore
there exist scalars ay, ..., a, € C, not all equal to 0, such that

apv + a1 Tv+ -+ a,T"v =0.
Equivalently, if we define the polynomial

p(z) =ao+az+ -+ ap2",

then
p(T)v = 0.
Among all nonconstant polynomials r € P(C) such that
r(T)v =0,

choose one of smallest degree, and denote it by p. Since p is a nonconstant complex polynomial, the
fundamental theorem of algebra implies that p has a root A € C. Hence there exists a polynomial
q € P(C) such that
p(z) = (2 = A)q(z)
for every z € C.
Evaluating this identity at the operator T', we obtain
p(T) = (T = M)q(T).
Applying both sides to v, we get
0 = p(T)v = (T = AI)(q(T)v).

We now claim that ¢(T)v # 0. Indeed, if ¢(T)v = 0, then ¢ would also be a nonconstant
polynomial satisfying

and since
degq =degp — 1 < degp,

this would contradict the minimality of the degree of p.
Therefore ¢(T")v is a nonzero vector and satisfies

(T = A)(q(T)v) =0,
that is,
T(q(T)v) = Aq(T)v.

Hence ) is an eigenvalue of T, with corresponding eigenvector ¢(7T')v.
This proves that every operator on a finite-dimensional nonzero complex vector space has an
eigenvalue. ]



Existence, uniqueness, and degree of the minimal polynomial
We now explain carefully the proof of the following result.

Theorem 2. Suppose V is finite-dimensional and T € L(V'). Then there exists a unique monic
polynomial p € P(F) of smallest degree such that

p(T) =0.
Furthermore,
degp < dim V.
Proof of existence

We proceed by induction on dim V.
If dimV =0, then V = {0}, and the identity operator I is the zero operator on V. Hence the
constant polynomial

satisfies

Thus the result holds in this case.
Now assume dimV > 0, and assume inductively that the desired statement is true for all

operators on all vector spaces of smaller dimension.
Choose u € V with u # 0. Consider the list

w, Tu, T?u, ..., TV,

This list has length 1 + dim V, so it is linearly dependent. By the linear dependence lemma, there
exists a smallest positive integer m < dim V' such that 7w is a linear combination of

w, Tu, ..., T™ .
Thus there exist scalars cg,cq,...,cm_1 € F such that
cou+c1Tu+ -+ 1T Y+ Ty = 0. (1)

Define the polynomial
q(2) =co+erz+- +epo12" T+ 2™

Then ¢ is monic and, by (1),
q(T)u = 0.

Now let k& be any nonnegative integer. Because ¢(T') is a polynomial in T', it commutes with 7.
Therefore
g(T)(T*u) = T*(g(T)u) = T*(0) = 0.

In particular,
w, Tu, ..., T™ 'y € ker ¢(T).

By the minimality of m, the vectors

w, Tu, ..., T™



are linearly independent. Hence ker ¢(7T") contains m linearly independent vectors, so
dimker ¢(T') > m.
By rank-nullity,
dimrange¢(T) = dimV — dimker ¢(7) < dim'V' — m.

Next we observe that range ¢(T') is invariant under 7. Indeed, if y € range ¢(T'), then y = ¢(T)x
for some x € V, and thus
Ty =Tq(T)xr = q(T)Tx € range q(T),

again because T commutes with ¢(7).
Therefore the restriction

T‘range q(T)

is a well-defined linear operator on the vector space range ¢(7), whose dimension is at most dim V' —
m, hence strictly smaller than dim V.
By the induction hypothesis, there exists a monic polynomial s € P(F) such that

S(T‘rangeq(T)) =0

and
degs < dimV —m.

We claim that the product sq annihilates T'. Let v € V. Then
(sq)(T)(v) = s(T)(q(T)v).
But ¢(T)v € range q(T'), and s annihilates the restriction of 7" to that subspace. Hence
s(T)(q(T)v) = 0.
Since this holds for every v € V| we conclude that
(sq)(T') = 0.
Moreover, sq is monic because both s and ¢ are monic, and
deg(sq) = degs+degq < (dimV —m) +m =dim V.

Thus we have produced a monic polynomial of degree at most dim V' that annihilates T'. This
proves the existence part.

Proof of uniqueness
Let p € P(F) be a monic polynomial of smallest degree such that
p(T) =0.
Suppose r € P(F) is another monic polynomial of the same degree such that

r(T) = 0.



Then
(p—r)(T)=p(T)—r(T)=0.

Because p and r are monic and have the same degree, their leading terms cancel. Therefore

deg(p — r) < degp.

If p—r # 0, then we may divide p — r by its leading coefficient to obtain a monic polynomial
h such that
degh < degp

and still
h(T) = 0.

Indeed, if ¢ is the leading coefficient of p — r, then

M) = 2(p—r)(T) = =

But this contradicts the minimality of the degree of p.
Hence p — r =0, and so
p=r.

This proves uniqueness.



Eigenvalues and the Minimal Polynomial (II)

Existence of eigenvalues on complex vector spaces

Theorem 1. Let V' be a finite-dimensional nonzero complex vector space, and let T € L(V'). Then
T has an eigenvalue.

Proof of uniqueness

Let p € P(F) be a monic polynomial of smallest degree such that
p(T) = 0.

Suppose r € P(F) is another monic polynomial of the same degree such that
r(T) = 0.

Then
(p—r)(T) =p(T) —r(T)=0.

Because p and r are monic and have the same degree, their leading terms cancel. Therefore

deg(p — r) < degp.

If p—r # 0, then we may divide p — r by its leading coefficient to obtain a monic polynomial
h such that
degh < degp

and still
h(T) = 0.

Indeed, if ¢ is the leading coefficient of p — r, then

SO

But this contradicts the minimality of the degree of p.
Hence p —r =0, and so
p=T.

This proves uniqueness.

The minimal polynomial

The previous result justifies the following definition.

Definition 1 (Minimal polynomial). Suppose V is finite-dimensional and T € L(V'). Then the
minimal polynomial of T is the unique monic polynomial p € P(F) of smallest degree such that

p(T) = 0.



We now consider an example, which will also serve as motivation for a homework exercise.

Example 1 (Minimal polynomial of an operator on F?). Suppose T € L(F®) and
-3

M(T) =

o O O = O
o O = OO
oSO =R O O O
o O O O
O O OO

with respect to the standard basis ey, ez, e3, €4, €5.
Taking v = ey, we compute

Te; = ea, T261 =Tes = e3, T361 =Tes = ey,

T4€1 = T€4 = €5, T561 = T€5 = —361 + 662.

Thus
TPe; = —3e; 4 6Tey,

which can be rewritten as
(36T +T%)e; = 0.

Define the polynomial
p(z) =3 — 624 2°.

Then the previous computation shows that
p(T)er = 0.
We now observe that the list
ei, Teq, T261, T361, T4€1

coincides with
€1, €2, €3, €4, €5,

which is a basis of F°. In particular, this list is linearly independent and spans the whole space.
Because p(T) is a polynomial in T, it commutes with T'. Hence for every nonnegative integer k
we have
p(T)(T"er) = T*(p(T)er) = T"(0) = 0.

Therefore p(T') annihilates each vector in the list

e1, Tey, T?ey, T3ey, T e,
and since this list spans F°, we conclude that

p(T) =0 on all of F°.

It remains to show that p has the smallest possible degree. Suppose, for contradiction, that there
exists a nonzero polynomial ¢ with degq < 5 such that

qo(T)=0.



Then in particular
q(T)e; = 0.

Writing
q(2) =ag+ a1z + - +agz?,

we obtain
q(T)ey = aper + a1 Tey + -+ + asTe;.

Using the computations above, this becomes
ape1 + arez + azez + ages + ases = 0.
Because ey, ea, e3, eq, e5 are linearly independent, it follows that
apg=a1 =as =az =a4 =0,

which contradicts the assumption that q is nonzero.
Hence no nontrivial polynomial of degree less than 5 annihilates T'. Therefore, the minimal
polynomial of T is
p(z) =3 — 62+ 25.

Proposition 1 (Eigenvalues are the zeros of the minimal polynomial). Suppose V' is finite-dimensional
and T € L(V).

(a) The zeros of the minimal polynomial of T' are precisely the eigenvalues of T

(b) If V is a complex vector space, then the minimal polynomial of T has the form
p(z) = (2= A1) (2 = Am),
where A1, ..., A\m 15 a list of all eigenvalues of T', possibly with repetitions.

Proof. Let p be the minimal polynomial of T'.

(a) First direction: zeros of p are eigenvalues.
Suppose A € F is a zero of p. Then p can be written as

p(2) = (2 = Na(2),
where ¢ € P(F) is monic and
deggq = degp — 1.

Evaluating at T', we obtain
p(T) = (T = ADg(T).
Because p(T) = 0, it follows that

(T'—X)(q¢(T)v) =0 foralveV.

We now claim that there exists v € V' such that ¢(T)v # 0. Indeed, if ¢(T)v =0 for all v € V,
then ¢(7") = 0 as an operator. But this would contradict the minimality of p, because ¢ is monic
and

deg q < degp.



Thus we can choose v € V' such that ¢(T)v # 0. Set

w = q(T)v.
Then w # 0 and
(T —M)w =0,
which means
Tw = lw.

Hence A is an eigenvalue of T

Second direction: eigenvalues are zeros of p.
Now suppose A € F is an eigenvalue of T'. Then there exists v € V', v # 0, such that

Tv = .
Applying T repeatedly, we obtain by induction that
T*v = Xy for every nonnegative integer k.

Let
p(z) =ap+ a1z + -+ ayz".

Then
p(T)v =apv +a1Tv+ -+ a,T"v = apv + a1 v + - - - + apA"v = p(A)v.

Because p(T') = 0, we have

p(T)v = 0.
Hence
p(Av =0
Since v # 0, it follows that
p(A) =0

Thus A is a zero of p.
This completes the proof of (a).

(b) If V is a complex vector space, then by the fundamental theorem of algebra, the polynomial p
factors completely into linear terms:

p(2) = (2= A1)+ (2 = Am).

By part (a), each \; is an eigenvalue of T', and every eigenvalue of T' appears among the \;
(possibly with repetition). O

Example 2 (An operator whose eigenvalues cannot be found exactly). Let T € L£L(C®) be defined
by its action on the standard basis:

T(el) = €9, T(eg) = €3, T(eg) = €4, T(64) = €5, T(€5) = —361 + 662.

Let
z = (21, 22, 23, 24, 25) = z1€] + 2262 + z3€3 + 2464 + 25€5.



Then, by linearity,
T(z) = 21T (e1) + 22T (e2) + 23T (e3) + 24T (e4) + 25T (e5).

Substituting,
= z1€69 + 29€3 + z3€4 + 2465 + 25(—3e1 + 6e3).

Grouping terms, we obtain
T(z1, 22, 23, 24, 25) = (=325, 21 + 625, 22, 23, 24).
As shown in the previous example, the minimal polynomial of T is
p(z) =3 — 624 2°.
By Proposition above, the eigenvalues of T are exactly the zeros of p.

Proposition 2. Suppose V' is finite-dimensional, T € L(V'), and g € P(F). Then q(T) = 0 if and
only if q is a polynomial multiple of the minimal polynomial of T'.

Proof. Let p be the minimal polynomial of T'.
First suppose that ¢(7") = 0. By the division algorithm, there exist polynomials s,r € P(F)
such that
q=ps+r,

with degr < degp.
Evaluating at T, we obtain

0=4q(T) = p(T)s(T) +r(T) = r(T),
because p(T) = 0.
Thus r(T') = 0. If r # 0, let ¢ be the leading coefficient of r and define

h=—-r.
c

Then h is a monic polynomial, deg h = degr < degp, and

hT) = Er(T) = 0.

This contradicts the minimality of p, since p is the monic polynomial of smallest degree that
annihilates T'. Therefore » = 0, and hence

q = pSs.
Conversely, suppose that ¢ is a multiple of p, say ¢ = ps for some polynomial s. Then
q(T) = p(T)s(T) = 0,

because p(T) = 0.
This completes the proof. ]

Proposition 3. Suppose V' is finite-dimensional and T € L(V'). Then T is not invertible if and
only if the constant term of the minimal polynomial of T is 0.



Proof. Let p be the minimal polynomial of 7. Then
T is not invertible <= 0 is an eigenvalue of T' <= 0 is a zero of p <= p(0) = 0.

The last condition means that the constant term of p is 0. O

Proposition 4. Suppose V is finite-dimensional, T € L(V), and U is a subspace of V that is
invariant under T. Then the minimal polynomial of T is a polynomial multiple of the minimal
polynomial of Ty

Proof. Let p be the minimal polynomial of 7. Then p(T) = 0 on V. In particular,

p(T)u=0 foralluel.

Because U is invariant under T, it follows that

p(T|y) = 0.

Let m be the minimal polynomial of T'|yy. By definition, m is the monic polynomial of smallest
degree such that m(7T|y) = 0. Since p is another polynomial that annihilates T'|y, it follows that
m divides p. O



Upper-triangular matrices and eigenvalues

A square matrix is called upper triangular if all entries below the diagonal are equal to O.
Equivalently, an n X n matrix is upper triangular if it has the form

A% % eee %
0 X * - x
0 0 Az -+ x|
o 0 0 - M\

where the stars denote entries that may or may not be zero.

Remark. If T € L(V) and vy, ...,v, is a basis of V', then the k-th column of M(T) is obtained by
writing Tvy, as a linear combination of the basis vectors vy, . ..,v,. Thus saying that M(T') is upper
triangular means exactly that, for each k, the vector Twvy involves only the first k basis vectors.

Proposition 1. Suppose T € L(V) and v1,...,v, is a basis of V. Then the following conditions
are equivalent:

(a) The matriz of T" with respect to vy, ..., vy, is upper triangular.
(b) span(vy,...,vg) is invariant under T for each k =1,... n.
(c) Tvy € span(vy,...,vg) for each k=1,...,n.

Remark. This proposition gives the geometric meaning of an upper-triangular matriz. Indeed, the
matriz of T is upper triangular in the basis v1,...,v, if and only if we have a chain of invariant
subspaces

span(vy) C span(vi,ve) C -+ Cspan(vy,...,v,) = V.

In other words, upper-triangularity is equivalent to saying that the partial spans of the chosen basis
are all preserved by T.

Example 1. Define T € L(F3) by
T(xz,y,2) = 2z +y, 5y + 3z, 8z).
Let ey, ea, e3 denote the standard basis of F3. Then
Te; = 2eq, Teo = e + Heo, Tes = 3ey + 8es.

Thus
Tey € span(eq), Tey € span(ey, e2), Tes € span(ey, ea, €3).

Therefore the matriz of T with respect to the standard basis is upper triangular. Indeed,

2 1
MT) =0 5
0 0

o w O

This also shows that
span(e;) C span(eg, es) C span(ey, ez, €3)

18 a chain of invariant subspaces.



Example 2 (A counterexample: rotation on R?). Define T € L(R?) by
T(z,y) = (—y, ).
This is rotation by 90°. Let ey = (1,0) and ez = (0,1) be the standard basis of R%. Then
Tei1 = es.

But
eo ¢ span(eq).
Therefore condition (c) above fails already for k = 1, so the matrixz of T with respect to the standard
basis is not upper triangular.
Indeed,
0 -1
T) —
Mo =(1 ).
which is not upper triangular.
This example shows concretely that upper-triangularity depends on the choice of basis: in the
standard basis, the first basis vector is sent outside the span of the first basis vector.

We record two basic facts about operators that admit an upper-triangular matrix. The proofs
below are written in a slightly more explicit way than in the text, with the goal of making the
mechanism transparent for a first lecture.

Proposition 2. Suppose T € L(V) and V has a basis with respect to which T has an upper-
triangular matriz with diagonal entries A1, ..., Ap. Then

(T — M) (T — A ) = 0.

Proof. Let vq,...,v, be a basis of V' with respect to which T has an upper-triangular matrix and
diagonal entries A1,...,\,. Thus, for each k =1,...,n,

Ty, = AV + a linear combination of vy, ..., vk_1.
Equivalently,

(T — M\ )vg € span(vy, ..., v5—1).

We now show, by induction on k, that
(T —MI)---(T—MNI)vp =0  foreach k=1,...,n.
For k =1, we have Tvy = A\vq, so
(T'— M\iI)v = 0.
Now suppose k > 2. As observed above,
(T — M\ )vg € span(vy, ..., v5—1).
By the induction hypothesis, the operator

(T = MI) - (T = Ap—I)



kills each of v1,...,vg_1, and hence kills every vector in span(vy,...,vx_1). Therefore,
(T = MI) - (T = Mot I)(T — NI )vp, = 0.

This proves the induction step.

Hence
(T —XMI)-- (T =X D) =0 for every k =1,...,n.
Because vy, ..., v, is a basis of V, the operator
(T —XMI)--- (T — N\, I)
is 0 on a basis, and therefore is the 0 operator on all of V. 0

Remark. The key point is that each factor (T — M\ I) lowers one step in the flag
span(vy) C span(vi,v2) C --- Cspan(vy,...,v,) = V.

Indeed,
(T — M\ D)oy € span(vy, ..., v5_1),

so repeated application of the factors pushes basis vectors downward until they eventually become 0.

Example 3. Define T € L(F3) by
T(x,y,2) = (2z +y, 5y + 32, 8z).

With respect to the standard basis e1, e, e3 of F3, we have

2 1
MT) =0 5
00

co w O

Thus the proposition tells us that
(T —2I)(T —5I)(T —8I)=0.
Let us see this directly on the standard basis:
Te; = 2eq, Teo = e + Heo, Tes = 3ey + 8es.

Hence
(T —2I)e; =0,

(T'—5I)ea =e1, so (T'—2I)(T —5I)ex = (T —2I)e; =0,
and
(T'—8I)ez =3e2, so (T'—5I)(T —8I)es =3e1, andhence (T —2I)(T —5I)(T —81I)ez=0.
Thus the product kills each basis vector e, eq,e3, and so
(T'=2I)(T —=5I)(T'—8I)=0

on all of F3.



Proposition 3. Suppose T' € L(V') has an upper-triangular matriz with respect to some basis of V.
Then the eigenvalues of T are precisely the entries on the diagonal of that upper-triangular matriz.

Proof. Let v1,...,v, be a basis of V' with respect to which

)\1 * *
0 )\2 *
MD)y=1|. . . .
0 -~ 0 M\,

We first show that each Ay is an eigenvalue of T'.
For k =1, we have

Tvy = Aoy,
so A1 is an eigenvalue.
Now fix k € {2,...,n}. Because the matrix is upper triangular,
Tvp, = A\pvg + a linear combination of vq,...,vk_1,

and hence
(T — M )vg € span(vy, ..., Vk—1).

Moreover, for each j < k,

(T — Mg I)vj € span(vy,...,v;) € span(vi, ..., Vk—1).

Therefore T'— A1 maps span(vy, ..., vx) into span(vi, ..., vk_1).
Now
dimspan(vy,...,vr) =k and dimspan(vy,...,vp—1) =k — 1.
Thus the restriction of T'— A\ I to span(vy, ..., vx) cannot be injective. Hence there exists a nonzero
vector
v € span(vy, ..., vg)
such that
(T — )\k[)’l) = 0.
Therefore
Tv = M\,

S0 Mg is an eigenvalue of T
We have proved that every diagonal entry Aq1,..., A, is an eigenvalue of T
Next we show that there are no other eigenvalues. Define

q(2) = (z = A1) -~ (z = An).

By the previous proposition,
q(T) = 0.

Hence the minimal polynomial of T divides q. Therefore every zero of the minimal polynomial of
T is a zero of q. But the zeros of the minimal polynomial of T are exactly the eigenvalues of T
Consequently every eigenvalue of T is a zero of ¢, and thus must belong to the list

Ay A

So the eigenvalues of T' are precisely the diagonal entries of the upper-triangular matrix. O



Example 4. For the operator
T(x,y,2) = 2z +y, by + 3z, 82),

the matriz in the standard basis is

2 1
M(T)=10 5
00

o w O

Hence the eigenvalues of T are exactly
2, 5, 8.

Notice that ey is an eigenvector with eigenvalue 2, because
T€1 = 261.
However, ey is not an eigenvector, since
Tey = e1 + bHea.

Still, 5 is an eigenvalue because T — 51 maps span(ey, ea) into span(ey), so this restriction cannot
be injective. Thus there exists some nonzero vector in span(ey,es) that is an eigenvector with
eigenvalue 5. Similarly, 8 is an eigenvalue because T — 81 maps span(ey, ea, e3) into span(ey, ea).

We now prove a fundamental characterization of when an operator admits an upper-triangular
matrix.

Proposition 4. Suppose V is finite-dimensional and T € L(V). Then T has an upper-triangular
matriz with respect to some basis of V if and only if the minimal polynomial of T has the form

mr(z) = (2= A1)+ (2 = Am)
for some \i,...,A\m € F.

Corollary. Suppose V' is a finite-dimensional complex vector space and T € L(V'). Then T has an
upper-triangular matriz with respect to some basis of V.

Proof. The minimal polynomial of 7" is a polynomial with coefficients in C. By the Fundamental
Theorem of Algebra, every nonconstant polynomial over C factors completely into linear factors.
Hence the minimal polynomial of T has the form

mr(z) = (2 = M)+ (2 = Am)
for some Aq,..., Ay € C. The result now follows immediately from the proposition above. O

Remark. This corollary is false over R. The reason is that a real polynomial need not factor
completely into linear factors over R.

Example 5 (A real operator that is not triangularizable over R). Define T € L(R?) by

T(‘T7 y) = (_yv CL')



With respect to the standard basis of R?, the matriz of T is

0 -1
1 0/’
which represents rotation by 90°.
A direct computation shows that

T? = -1,
and hence
T?+1=0.
Thus the polynomial
2241

annihilates T'. In fact, the minimal polynomial of T is
mp(z) = 22 + 1.

Over R, this polynomial does not factor into linear factors, because it has no real roots.
Therefore, by the proposition above, T does not have an upper-triangular matriz with respect to
any basis of R2.
However, over C we have
24 1=(z—i)(z+1),

s0 if we regard the same operator as acting on C?, then it is triangularizable over C.



Characteristic polynomial

Throughout this section, F denotes a finite-dimensional vector space over F, with
dim E = n.

We would like to associate to a square matrix, or to an endomorphism, a polynomial whose
roots are exactly the eigenvalues.
If A is diagonal, or more generally upper triangular, with diagonal entries

Al?"'a)\n7

then the eigenvalues of A are precisely Ai,...,A,. In that case it is natural to consider the poly-
nomial

(A — X) - (A — X).

But this polynomial is exactly
det(A — X1,),

because A — X I, is again upper triangular, with diagonal entries
M=—X,..., — X,

More generally, if A is an eigenvalue of a square matrix A, then there exists a nonzero column
vector v such that
Av = Av.

Equivalently,
(A— \,)v=0.

Because v # 0, the matrix A — A, is not invertible, and hence
det(A — \I,,) = 0.
This shows that every eigenvalue of A is a root of the function
A — det(A — \,).

Definition 1. Let A € M, (F). The characteristic polynomial of A, denoted by x4(X), is defined
by
Xa(X) = det(A — XT,,).

Remark. Some authors define the characteristic polynomial as det(X I, — A) instead. With that
convention the characteristic polynomial is monic. The two definitions differ only by the factor
(=1)™, because

det(A— X1I,) = (—1)"det(X 1, — A).

The convention
XA(X) = det(A — X1y)

has the advantage that
x4(0) = det(A).



Example 1. Let

Then
a—X b
XA(X)—det< . d_X>—(a—X)(d—X)—bc.
Therefore
xa(X)=X?—(a+d)X + (ad — bc)
and hence

xa(X) = X2 —tr(A)X + det(A).
Example 2. Consider
200
A=10 2 0
0 0 3

Because A is diagonal, its characteristic polynomial is
xa(X) =det(A - XI,,) = (2 - X)*(3 — X).

Now let
p(X)=a+ a1 X+ +apnX™

be any polynomaial. Then
p(A) =aol + a1 A+ -+ anA™.

Since A is diagonal, every power A* is diagonal, namely

280 0

AP =10 28 0

0 0 3

Hence

p(2) 0 0

p(A)=[ 0 p2) 0
0 0 p(3)

Therefore

p(A) =0 <= p(2)=0andp(3)=0.

So a polynomial annihilates A if and only if it has both 2 and 3 as roots. It follows that the monic
polynomial of smallest degree annihilating A is

ma(X) = (X - 2)(X - 3).

Thus
xa(X) =—=(X =2*(X =3),  ma(X)=(X-2)(X-3).

So the characteristic polynomial and the minimal polynomial need not be equal.
In this example they have the same roots, namely 2 and 3, but not with the same multiplicities.



Proposition 1. For every A € M, (F), the polynomial x 4(X) has degree n. More precisely,
xa(X) = (=1)"X" 4+ (=1)" L tr(A) X" 4 .- 4 det(A).
In particular, the constant term of x4 is det(A).
Proof. Write A = (a; ;). Then
A= X1y = (aij — X0ij)i<ij<n,

where ¢; ; denotes the Kronecker delta.
Using the permutation formula for the determinant, we obtain

XA( ) det(A XI Z H o(§), (j),j)'

So xa(X) is a polynomial in X of degree at most n.
Now suppose o # id. Then there exist at least two indices j such that o(j) # j. For those
indices we have

ds(j),5 = 0,

so in the corresponding product
n

(w65 = X05),5)
j=1
at least two factors do not involve X. Hence every such term has degree at most n — 2.
Therefore the terms of degree n and n — 1 can only come from the identity permutation. For
o = id, the corresponding product is

(al,l —X)---(an’n—X).

Its term of degree n is

and its term of degree n — 1 is
(=D)" a1g + 4 ann) X" = (1) T r(A) X"
Finally, evaluating at X = 0 gives
x4(0) = det(A),
so the constant term is det(A). O

Example 3 (Rotation matrix). For

cos) —siné
Ry = (sin@ cos 6 ) € My(R),

we have
cosf — X —sind
XR"(X)_det< sin @ COSO—X)'

A direct computation gives
XRy(X) = X% — 2cos(0)X + 1.



Proposition 2. Similar matrices have the same characteristic polynomial. In other words, if
A e M, (F), P e GL,(F),

then
XPAP-1 = XA-

Consequently, A and PAP~" have the same eigenvalues.

Proof. We compute
xpap-1(X) = det(PAP™' — X1I,).

Because X1, = P(X1I,)P~!, this becomes
det(P(A— XI,)P7").
Using multiplicativity of the determinant,
det(P(A — XI,)P™") = det(P) det(A — XI,,) det(P~1) = det(4 — X1,,).

Therefore
Xpap-1(X) = xa(X).
O

Definition 2. Let f € L(E). The characteristic polynomial of f, denoted by x¢(X), is defined as
the characteristic polynomial of any matriz of f in a basis of E.

Remark. This definition is well-defined because two matrices representing the same endomorphism
in two different bases are similar, and similar matrices have the same characteristic polynomial.

Theorem 1. Let f € L(E) and let A € F. Then
A is an eigenvalue of f <= xy(A) =0.
Proof. By definition, A is an eigenvalue of f if and only if
f—Aldg

is not injective, equivalently, not invertible. Since F is finite-dimensional, this is equivalent to

det(f — AIdg) = 0.
By definition of the characteristic polynomial,

det(f — Aldg) = xr(N).

Therefore
A is an eigenvalue of f <= x;(\) =0.

O

Corollary. An endomorphism of an n-dimensional vector space has at most n distinct eigenvalues.

Proof. The eigenvalues of f are exactly the roots of the polynomial x, and x; has degree n. [

4



Corollary. If E is a complex vector space of positive finite dimension and f € L(E), then f has
at least one eigenvalue.

Proof. The characteristic polynomial x is a nonconstant polynomial with complex coefficients, so
by the Fundamental Theorem of Algebra it has a root in C. By the previous theorem, that root is
an eigenvalue of f. O

Corollary. If E is a real vector space of odd finite dimension and f € L(E), then f has at least
one real eigenvalue.

Proof. The characteristic polynomial x; has odd degree, so it has a real root. By the theorem
above, that real root is an eigenvalue of f. O

Remark. Suppose the characteristic polynomial of f splits over ¥, and write

xp(X) =" I x=nmw,
AESP(f)

where the eigenvalues are counted with algebraic multiplicity.

Then
r(f) = > mA  det(f)= ] A"W.

AESp(f) AESP(/f)

Indeed, we already know that
Xf(X) = (=1)"X" + (=1)" Lr (/) X"+ -+ det(f).
On the other hand, if we expand the factorization

xf(X) =" I x =",
AESP(f)
then the coefficient of X" ! is
(=1 >, mA,
A€Sp(f)

because each eigenvalue \ appears exactly m(X\) times among the roots of xy. Comparing the
coefficient of X"~ ! in the two expressions for Xf, we obtain

tr(f) = > m)A

XeSp(f)

Similarly, the constant term of x5 is det(f). But in the factorized expression, the constant term
1s obtained by multiplying all the roots together, counting multiplicities. Hence

det(f)= [ A"W.

XeSp(f)

This does not contradict the usual definition of trace. The trace is always the sum of the
diagonal entries of a matriz of f. The point is that, when the characteristic polynomial splits, the
same number can also be recovered from the eigenvalues. Thus the trace may be computed in two
different ways:

tr(f) = sum of the diagonal entries



and, when x splits,
tr(f) = sum of the eigenvalues counted with algebraic multiplicity.

Likewise, the determinant can be computed either as the determinant of a matriz of f, or, when
Xy splits, as the product of the eigenvalues counted with algebraic multiplicity.

Proposition 3. Let f € L(E) and let F be a subspace of E which is invariant under f. Then the
characteristic polynomial of the restriction f|p divides the characteristic polynomial of f.

Proof. Let dim F' = p, and choose a basis

of F', completed to a basis
(617 <y €py Cpt1, .- 'aen)

of E.
Because F' is invariant under f, the matrix of f in this basis has the block form

(A1 A
= (3 &)

where A is the matrix of f|p in the basis (e1,...,¢e;).
Then

A—XIn:<A1_XIp Ay >

0 Az — X1,
Since this matrix is block upper triangular,
Xf(X) =det(A - XI,) = det(Ay — X1p)det(Az — XIp—p).

But
det(A1 — XIp) = Xle(X>.

Hence x fir divides x. O

Proposition 4. Suppose
E=E® --®F,

and suppose f € L(F) leaves each E; invariant. Let f; denote the restriction of f to E;. Then
Xf(X) = x5 (X) - 7, (X)

Proof. Choose a basis of each Ej;, and combine these bases into a basis of E adapted to the direct
sum decomposition. In that basis, the matrix of f is block diagonal:

Ay 0 -~ 0
0 Ay -~ 0
0o 0 --- A,

where A; is the matrix of f;.



Then

SO

Xf(X) = det(A — XT,,) = [ [ det(Ai = XT) = [ [ xr (X).
=1 i=1

Example 4 (In-class exercise: companion matrix of a monic polynomial). Let
PX)=ao+a1 X +asX?+- +a, X" 14X
be a monic polynomial. Define f on a vector space with basis
(e0, €1, --,€n—-1)

by
fle))=¢€ipr (0<i<n-—2),
and
flen—1) = —(aoeo + arer + -+ - + an—1€n—1).

The matriz of f in this basis is called the companion matrix of P and is denoted by Cp.
Example 5 (In-class exercise: companion matrix of a monic polynomial). Let
P(X)=ag+ a1 X +asX?+ - +a, 1 X" 14 X"
be a monic polynomial. Define f on a vector space with basis
(e0, €1, €n—-1)

by
flei) = ein (0<i<n-2),
and
flen—1) = —(ageo + are1 + -+ + an—1€5-1).
The matrixz of f in this basis is called the companion matrix of P and is denoted by Cp.

Ezercise.

(1) Write down the matriz Cp explicitly.
(2) Prove that, with our convention

xa(X) =det(A - X1I,),

the characteristic polynomial of Cp is

Xcp(X) = (=1)"P(X).

(8) Prove that the minimal polynomial of Cp is
ey (X) = P(X).



Diagonalizable Endomorphisms

1 Diagonalizable endomorphisms

Definition 1.1. Let E be a finite-dimensional vector space over K, and let f € L(FE).

We say that f is diagonalizable if there exists a basis B of E such that the matriz Matp(f)
is diagonal. Likewise, a matriz A € M, (K) is said to be diagonalizable if there exists a diagonal
matriz D € M, (K) such that A is similar to D. In other words,

3P € GL,(K), 3D € M,(K) diagonal, such that A= PDP™1.

Theorem 1.2. Let f € L(E). The following assertions are equivalent:
(1) f is diagonalizable;
(2) there exists a basis of E consisting of eigenvectors of f;

(3)
E= Y E\/)

AeSp(f)

(4)
dimE = Z dim E)(f).
AeSp(f)

Proof. First observe that, since eigenspaces corresponding to distinct eigenvalues are in direct sum,
assertion (3) is equivalent to

E= P E\/.

AeSp(f)

(1) = (2). Assume that f is diagonalizable. Then there exists a basis

B= (61,...,€n)
of E such that
A O - 0
0 N -+ 0
Mats(f) = : Do, :
0 0 - A\

for some scalars A{,..., A\, € K.
By definition of the matrix of a linear map in a basis, we have

f(ei):)\iei, izl,...,n.

Since each e; # 0, every ¢; is an eigenvector of f. Thus B is a basis of E consisting of eigenvectors
of f.
(2) = (3). Assume that there exists a basis

82(61,..-,€n)



of F consisting of eigenvectors of f. For each i, there exists \; € K such that
flei) = Aies.
Hence
€; € E)\Z(f) = Ker(f — )\ild).

Let x € E. Since B is a basis, one can write
Tr=aie| + -+ apnen.

Each vector e; belongs to some eigenspace of f, therefore x belongs to the sum of all eigenspaces.
Thus

EC Y E\/.
The reverse inclusion is obvious, since each E)(f) is a subspace of E. Therefore

E= Y E\/).

AeSp(f)

(3) = (4). Assume that
E= Y E/).

AeSp(f)

Since this sum is direct, we have

E= P E\/.

AeSp(f)
Hence
dim(E) = ) dim(E\(f)).
AESP(f)
(4) = (1). Assume that
dim(E) = ) dim(EA(f)).

AeSp(f)

Let
Sp(f) = {p1, s pur}

be the set of distinct eigenvalues of f. For each j € {1,... k}, let

dj = dim(Ey,(f)),

and choose a basis

Bj = (Uj71, N 7Uj,dj)
of the eigenspace E,(f).
Now consider the family
B = (U1717 cee )vl,d17 U2717 cee )UQ,d27 sty Uk),l? s )Uk,dk)'
Since the eigenspaces E,;, (f), ..., Ey,, (f) are in direct sum, and since each B; is linearly independent

in £, (f), it follows that B is linearly independent in E.
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Moreover,

k k

k
Card(B) =) _Card(Bj) = > dj =Y _dim(E,,(f)) = dim(E).
j=1 j=1 j=1

Hence B is a basis of E.
Now, for every j € {1,...,k} and every i € {1,...,d;}, since v;; € E,,(f), we have
f(vji) = v

Therefore, in the basis B, the matrix of f is diagonal, more precisely

Iy, 0o ... 0

0 poly, - 0

Matg(f) = : : ’ y :
0 0 - g,

Thus f is diagonalizable.
O

Theorem 1.3 (Necessary and sufficient condition for diagonalizability). Let E be a finite-dimensional
vector space over K, with dim(E) =n, and let f € L(E). Then f is diagonalizable if and only if:

(a) the characteristic polynomial X splits over K;

(b) for every eigenvalue \ € Sp(f),
dim(Ex(f)) = m(A),

where m(\) denotes the algebraic multiplicity of X as a root of x .

Proof. For each eigenvalue X\ € Sp(f), set
d(A) = dim(Ex(f)),

and let m(X) denote the multiplicity of A in x 7. Thus, when x splits,

xp(X)= J[ (=x)"W.
AeSp(f)

Suppose first that f is diagonalizable. Then, by the characterization of diagonalizable endomor-
phisms, we have

n= Y d. (1)

XeSp(f)

Moreover, since f is diagonalizable, there exists a basis B of F such that

M O -~ 0
0 X -+ 0
Mats(f)=| . . . .
0 0 - A\,



for some scalars Ai,..., A\, € K. Hence

n

X£(X) = det(Matg(f) — X1I,,) = [[(\i — X).
=1

Therefore x ¢ splits over K. Grouping equal factors together, we may write
xf(X)= I ov=x)"™,
AESP(f)

and therefore

> m\) =n. (2)

XeSp(f)

Now, for every eigenvalue A, one always has
1 <d(N) <m(N).

Combining this with (1) and (2), we obtain

doody= ) m()=n

AeSp(f) AESp(f)
Since each d(A) < m(\), the equality of the sums forces
d(A) =m(X) for every A € Sp(f).

Thus both (a) and (b) hold.
Conversely, assume that x s splits over K and that

d(\) =m(X) for every A € Sp(f).

Since x ¢ splits and has degree n, the sum of the algebraic multiplicities of its roots is

Z m(A) =n.

XeSp(f)

Using the assumption d(\) = m(X), we get

> d()) =n.

AESp(f)
That is,
> dim(Ex(f)) = dim(E).
AESP(f)
By the previous characterization of diagonalizable endomorphisms, this implies that f is diagonal-
izable. O

Corollary 1.4 (A sufficient condition for diagonalizability). Let E be a finite-dimensional vector
space over K, with dim(E) = n, and let f € L(E). If f has n pairwise distinct eigenvalues, then f
1s diagonalizable.



Proof. Let Aq,..., A\, be n pairwise distinct eigenvalues of f. Since the characteristic polynomial
Xt has degree n, and since it already has n distinct roots in K, it follows that

n

xr(X) = [ = X).

i=1
In particular, xs splits over K, and each eigenvalue \; has algebraic multiplicity
m(A;) = 1.
Now, for every eigenvalue \;, we always have
1 < dim(Ey, () < m(%).

Since m(A;) = 1, this becomes
1 <dim(Ey(f)) <1,

and therefore
dim(E),(f)) =1 for every i =1,...,n.

Thus, for every eigenvalue, the geometric multiplicity is equal to the algebraic multiplicity. By
the previous theorem, f is diagonalizable. O

Corollary 1.5. Let A € M, (K). If A has n pairwise distinct eigenvalues, then A is diagonalizable.

Example 1.6. Let n € N, and consider the vector space R,[X] of real polynomials of degree at
most n. Define
¢ Ry[X] o Ry[X],  o(P)=P—(X+1)P"

(1) Show that ¢ is a well-defined endomorphism of R, [X].

(2) Determine the eigenvalues of .

(8) Deduce that ¢ is diagonalizable.



Diagonalizable Endomorphisms and Minimal
Polynomial

Exercise 0.1 (In-class exercise: Fibonacci and diagonalization). The Fibonacci sequence Fy, F, Fy, . ..

is defined by
Fy=0, F; =1, and F,=F, o+ F, 1 forn>2.

Define T' € L(R?) by
T(z,y) = (y,z +y).

(a) Show that
Tn(oa 1) = (Fna Fn+1)

for each nonnegative integer n.
(b) Find the eigenvalues of T
(c) Find a basis of R? consisting of eigenvectors of 7T'.

(d) Use the solution to (c) to compute 77(0,1). Conclude that
1+v5\" (1-v5)"
2 2

0.1 Minimal polynomial and diagonalization

_ b
G

for each nonnegative integer n.

Fy

We now give a useful characterization of diagonalizable operators in terms of annihilating polyno-
mials and the minimal polynomial.

Theorem 0.2. Let E be a finite-dimensional vector space over a field K, and let
u € L(E).
Then the following assertions are equivalent:
1. w is diagonalizable.
2. w admits an annihilating polynomial that splits into distinct linear factors.

3. The minimal polynomial u, of u splits into distinct linear factors.

Notation and tools. We denote by
Sp(u)
the set of eigenvalues of u. For each A\ € Sp(u), we denote by

E(\) =ker(u — A1dg)

the eigenspace associated to .
Recall that if

Sp(u) = {A1,..., A},



then u is diagonalizable if and only if

P
E=EMN)
i=1
We shall also use the following lemma.
[Kernel decomposition lemma] Let Py,..., P. € K[X] be pairwise coprime polynomials, and let
P=P-P.

Then ;
ker(P(u)) = @ ker(P;(u)).

Proof. We prove
(1) = (2) = ©B) = ).

Step 1: (1) = (2). Assume that u is diagonalizable. Write

Sp(u) = {AL, . A}

Since u is diagonalizable, we have

p
E=EMN)
i=1
For each i = 1,...,p, define
P(X)=X -\,
and set
p p
P(X) =] P(x) =[x =)
=1 =1

Then P splits into distinct linear factors.
Now let z; € E()\;). Since z; is an eigenvector corresponding to \;, we have

u(z;) = \ixi,

and therefore
Pl(u)(xz) = u(xz) — )\ixi =0.

Hence
P(u)(@:) = (T] Pi(w) o Pilw) (i) = 0.
J#i
Now let z € E. Since »
E= @ E(/\z)7
=1

there exist unique vectors

such that



By linearity,
P(u)(x) = P(u)(x1) + - - + P(u)(xp) = 0.

Thus
P(u) =0.

So P is an annihilating polynomial for u, and it splits into distinct linear factors.

Step 2: (2) = (3). Assume that v admits an annihilating polynomial P that splits into distinct
linear factors. Let i, be the minimal polynomial of . Since the minimal polynomial divides every
annihilating polynomial of u, we have

fo | P.

Since P is a product of distinct linear factors, the same is true for u,. Therefore u, also splits into
distinct linear factors.

Step 3: (3) = (1). Assume that
Mu(X) = H(X - )\z')y

where the \; are pairwise distinct.
Apply the kernel decomposition lemma with

P(X) =X -\,

Since the polynomials P, ..., P, are pairwise coprime, we obtain

ker (11 (1)) = @D ker(Py(u)) = @D ker(u — X; Idg).
=1

i=1
That is,
ker(pa () = D BOv).
i=1
But by definition of the minimal polynomial,
M (U) =0,
SO
ker(ju,(u)) = E
Therefore,
E=EMN)
i=1
Hence u is diagonalizable. O

Remark 0.3. This theorem gives a very practical criterion for diagonalizability: an operator is
diagonalizable if and only if its minimal polynomial has no repeated root.



Kernel decomposition lemma and Cayley-Hamilton

theorem
Lemma 0.1 (Kernel decomposition lemma). Let E be a vector space, let u € L(E), and let
Py, ..., P, be polynomials which are pairwise coprime. Set

P=P - P,
Then

ker(P(u)) = @D ker(P;(u)).
=1

We will assume for the proof the following results:

Theorem 0.1 (Bézout’s theorem for polynomials). If P and Q are two coprime polynomials, then
there exist polynomials U and V' such that

UP+VQ=1.

Proposition 0.2 (Product of polynomials and polynomial endomorphisms). If P and @ are two
polynomials and v € L(E), then

Pu) o Q(u) = Q(u) o P(u) = (PQ)(u).
Proposition 0.3 (Direct sum of subspaces). If
F=F ®F and F=GioG® - -G,

then
F=PoeG G & &G,

Proof. We proceed by induction on 7.
Fix a vector space E and an endomorphism u € £(E). Let P(r) be the statement:

If P, ..., P. are pairwise coprime polynomials and
P=P P,

then

ker(P(u)) = @D ker(Pi(u)).
=1

Base case: r = 2. Let P, and P, be coprime polynomials, and set
P=PDhD,.

We must prove that
ker(P(u)) = ker(P1(u)) @ ker(Pa(u)).

We will show:

1. ker(Py(u)) + ker(Py(u)) C ker(P(u));



2. ker(P(u)) C ker(Py(u)) + ker(Pa(u));
3. ker(Pi(u)) and ker(Py(u)) are in direct sum.

1. We prove that
ker(Pi(u)) + ker(Pa(u)) C ker(P(u)).

Take
x € ker(P1(u)) + ker(Pa(u)).

Then x = x1 + x9 with
Py(u)(z1) =0 and Py(u)(z2) = 0.

Let us compute P(u)(z). We have
Pu)(z) = P(u)(21) + P(u)(z2),
hence
Pu)(x) = (P1P2)(u)(21) + (PLPy) (u)(x2).

Using the fact that
(P1P2)(u) == Pl(u) e} PQ(’LL) = PQ(’LL) @) Pl(u),

we get
P(u) (@) = Py(u) (Pr(u)(z1)) + Pi(u) (P2(u)(22)) = 0.
Therefore
x € ker(P(u)).
2. We prove that
ker(P(u)) C ker(Py(u)) + ker(Pa(u)).

Since Py and P, are coprime, Bézout’s theorem gives polynomials U and V such that
UP+VP,=1.
This equality in the polynomial algebra gives, after evaluation at wu,
Idg = (UPy)(u) + (VP)(u).
Now let = € ker(P(u)). Then
z = (UP)(u)(x) + (VF)(u)(z).

Set
y=UP)(u)(z),  z=(VP)(u)(x)
Then z =y + z.

We claim that
y € ker(Py(u)) and z € ker(Py(u)).

Indeed,
Py(u)(y) = Po(u) (UP1)(u)(2)) = (P2UPy)(u)(2).



Since polynomial endomorphisms commute,
(PRUPy)(u) =U(u) o (P1P)(u) =U(u) o P(u),

SO

Thus y € ker(Ps(u)).
Similarly,
z € ker(Py(u)).

Hence
x € ker(Pi(u)) + ker(Pa(u)).
3. We prove that
ker(P;(u)) Nker(Py(u)) = {0}.

Take
x € ker(Pi(u)) Nker(Pa(u)).

Using again Bézout’s identity evaluated at u,
Idp = (UP1)(u) + (V P2)(u),
and applying this to z, we obtain
z = (UP)(u)(z) + (VP)(u)(z) = Uu)(Pr(u)(z)) + V(u)(P2(u)(z) =0+0 =

Therefore
ker(P(u)) Nker(Pa(u)) = {0},

so the sum is direct.
Combining steps (1), (2), and (3), we conclude that

ker(P(u)) = ker(Py(u)) @ ker(Pa(u)).
Induction step. Let r > 2, and assume that P(r) holds. We prove P(r + 1).
Let Py,..., P41 be pairwise coprime polynomials, and define

P=P P, Q="P Py,

so that
P=PQ.

Since P; is coprime with each P; for ¢ > 2, it is coprime with Q). By the case r = 2, we have
ker(P(u)) = ker(P1(u)) ® ker(Q(u)).
By the induction hypothesis applied to Q = P»- -+ P41,

r41

ker(Q(u)) = @ker(Pi(u)).

Therefore,
r+1 r+1

ker(P(u)) = ker(Py(u)) & @D ker(Pi(u)) = @D ker(Pi(u)).
=2 i=1

This proves P(r + 1), and hence the result for all r > 2.



The Cayley—Hamilton theorem

Theorem 0.4 (Cayley—Hamilton). Let E be a finite-dimensional vector space over a field K, and
let f € L(E). Then the characteristic polynomial x5 is an annihilating polynomial of f, that is,

xf(f) =0z ()

Proof. We first show that for every vector x € F,

xf(F)(x) = 0p.

This will imply that x;(f) = 0z (g)-
If x = 0, the conclusion is immediate. Assume now that z # Op.
Consider the set

I = {p eN : (x, f(x),.. .,fp(x)) is linearly independent}.

Since x # 0, the set I is nonempty. Moreover, because dim F = n, any family of more than n
vectors in F is linearly dependent, so I is bounded above by n — 1. Hence [ has a greatest element,
say s.
Define the subspace
E(x) = Span(m, flx),..., fs(x))
Then
B = (:z:,f(x), . ,fs(m))

is a basis of E(x). Since s is the greatest element of I, the family

(z, f(@),.... f*(2), (@)

is linearly dependent. Therefore, there exist scalars ag,...,as € K such that
S
F @) = arf (@),
k=0

It follows that
f(E(z)) = Span(f(x), f*(z),..., f**(2)) C E(=),

so the subspace E(x) is stable under f.
Let

9= fiE@) € L(E(x)).

Since E(x) is f-stable, the characteristic polynomial x4 divides x . Thus there exists a polynomial
@ such that

Xf = Qxg-
Hence
xf(f) = Q(f) o xg(f)-
Therefore, it is enough to prove that

Xg(f)(x) =0pg.

We now compute the matrix of g in the basis
B = (2, f(@),..., f*(a).

4



We have
g() = f(x),  g(f(@) =), ...,  g(f"2) = (),

and

9(f*(@) = Zakfk

Therefore, the matrix of g in the basis B is

o o0 - 0 ap
1 0 - 0 a1
A=101 - 0 as
0 0 1 as
Thus
Xg(X) =det(A — XI).
So
-X 0 0 ag
1 -X 0 al
: : =X :
0 o .- 1 as— X

Now replace the first row L; by
Li+XLo+ X%Ly+ -+ X5Lgy1.

Then we obtain

0 0 R(X)
1 -X 0 aj
Xg(X)=10 1 0 ax |,
-X
0 0 1 as—X

where

Therefore,
Xg(f)(x) = (1) (Z ar f* () - f”l(a?)) =0,
k=0
by the relation defining the coefficients ag, . .., as.
Hence

X¢ (N @) = QUf) (xg(f)()) = Q(f)(0r) = 0p.

5



Since this holds for every « € E, we conclude that

Corollary 0.5. Let f € L(E).

1. The minimal polynomial py divides the characteristic polynomial X .
2. The degree of the minimal polynomial is less than or equal to dim E.

3. The minimal polynomial and the characteristic polynomial have the same roots, possibly with
different multiplicities.



Linear Algebra — Inner Products and Norms

1. Bilinear forms
Let E be a vector space over R.
Definition 1. A bilinear form on E is a map
b:ExE—R
such that:
e for each fizred y € E, the map x — b(x,y) is linear;
e for each fized x € E, the map y — b(x,y) is linear.
Definition 2. Let b be a bilinear form on E.
o We say that b is symmetric if

b(z,y) = by, x) forall z,y € E.

e We say that b is positive if

b(x,z) >0 forall x € E.

o We say that b is positive definite if
b(x,z) >0 forallxe€E,
and
b(z,z) =0 < z=0.
2. Inner products
Definition 3. Let E be a vector space over R. An inner product on E is a map
() ExE—=R
such that:
1. for each fixred y € E, the map x — (x,y) is linear;

2.
(z,y) = (y,x)  forall x,y € E;



(x,z) >0 for all x # 0.
A wvector space equipped with an inner product is called an inner product space.
Remark 1. Over R, an inner product is exactly a symmetric positive definite bilinear form.

Remark 2. If E is a complex vector space, then the definition is modified: one requires

(z,y) = (y, ),

together with linearity in one variable and conjugate-linearity in the other. In this lecture, we work
over R.

3. Examples of inner products

Example 1 (The standard inner product on R™). For z = (x1,...,2,) andy = (y1,...,Yn) in R",
define
(z,y) = z1y1 + - + Tyn.

This is an inner product on R™.

Example 2 (Weighted inner product on R™). Let ay,...,a, > 0. Define
(x,y) = a1x1y1 + - + anZTpyn.

Then this is also an inner product on R™.

Example 3 (The space (2(R)). Let

(R) = {:U = (Tp)n>1: Zx% < oo} .

n=1

For x = (z,) and y = (yn) in (*(R), define

oo
<$>y> = anyn-
n=1

This is an inner product on (*(R).

Remark 3. The series Y oo | Tpyn is well-defined for x,y € (*(R) by the Cauchy-Schwarz inequality
for series.

Example 4 (Continuous functions on the interval [0, 1]). Let C([0,1]) be the vector space of con-
tinuous real-valued functions on [0,1]. Define

(fi9) = /0 f(t)g(t)dt.

Then this is an inner product on C([0,1]).



Proof. We only check positive definiteness. If

1
. f) = /0 F()2dt =0,

then f(t)2 =0 for all t € [0,1], since f2 is continuous and nonnegative. Hence f = 0. O

Example 5 (Inner product on matrices). Let My, ,(R) be the vector space of all n x p real matrices.
Define
(A, B) = tr(ATB).

Then

n p
(A, B) => > aiby,

i=1 j=1

s0 this is an inner product on My ,(R).
Proof. We check the three properties:
e Linearity follows from the linearity of the trace.

e Symmetry follows from

tr(ATB) = tr((ATB)T) = tr(BT A).
e Also,
(A, A) =tr(ATA) = al; >0,
Y]

and this is equal to 0 if and only if A = 0.

4. The Cauchy—Schwarz inequality
Theorem 1 (Cauchy-Schwarz). Let (E,(-,-)) be an inner product space. Then for all x,y € E,

(2, y)| < V{w,2) Ay, ).

Equivalently,
[(z, )] < (2, 2)(y, y).

Proof. If y = 0, then (z,y) = 0, so the conclusion is immediate.
Assume now that y £ 0. For every A € R,

Expanding,
Choose
\ o (@)
(y,v)



Substituting this value gives

(z,y)?

Ot =0y

Therefore,
(@,9)* < (z,2)(y,v)-

Since the left-hand side is nonnegative, this is equivalent to

[z, )| < V{z,2) V/{y,9).

Remark 4. Equality holds in Cauchy—-Schwarz if and only if x and y are linearly dependent.

5. Norms

Definition 4. Let E be a vector space over R. A norm on E is a map

-1+ E—10,00)
such that for all x,y € E and all A € R:
1.
[Az[] = [Al[=[;
2.
lz 4+ yll < [l=]] + llyll;
3.

|| =0 <= x =0.

A wvector space equipped with a norm is called a normed vector space.

6. The norm induced by an inner product
Proposition 1. Let (E,(-,-)) be an inner product space. Define

|z]| = /{(x, z) forz e E.
Then || - || is @ norm on E.

Proof. We check the three axioms.
(1) Homogeneity. For A € R,

IMal® = (Az, Az) = N (z,z) = AP,

Since both sides are nonnegative,
Az ]| = [A] f|]].

(2) Positive definiteness. By the definition of inner product,

(x,z) >0



for all z, and
(x,2) =0 < = =0.

Hence
[z]| = /(z,2) >0

and
|z]| =0 < x=0.

(3) Triangle inequality. We compute
|z +yl” = (@ +y, 2 +y) = (2,2) + 2(z,9) + (y,9)-

By Cauchy—Schwarz,
(,y) < [z, y)l < ]| |lyll-

Therefore,
lz +yll* < Izl + 2l [ ly[l + [Iy]1* = (] + [ly])*.

Taking square roots, we obtain
4+ yll < [zl + llyll-

7. Final examples

Example 6. On R"™ with the standard inner product,

|z]| = \/2] + - + 22,
which is the usual Fuclidean norm.

Example 7. On ¢*(R), the norm induced by the inner product is

~ 1/2
HxHF(in) |
n=1
1
(f.g) = /0 F(Hg(t) dt,

1l = ( / 1 |f<t>|2dt> "

Example 8. On C([0,1]) with

the induced norm 1is



Introduction to Orthogonality

The next result is called the parallelogram identity because of its geometric interpretation: in
every parallelogram, the sum of the squares of the lengths of the diagonals equals the sum of the
squares of the lengths of the four sides.

If the sides of the parallelogram are represented by the vectors uw and v, then its diagonals are
u 4+ v and u — v. Therefore the geometric statement becomes

lu+ ol + u = ol* = 2(|[ull* + [[0]]*).

The proof in an inner product space is more straightforward than the usual Euclidean geometry
proof.

The diagonals of this parallelogram are u + v and u — v.
Theorem 1 (Parallelogram identity). Suppose u,v € V.. Then
lu [+ lu = ][> = 2(J[ul® + [|v]]?).

Proof. We have
lu+0)* + lu = v]|* = (u+v,u+v) + (u—v,u—0).

Expanding both inner products, we obtain
(u v, u+0) = ul® +[[v]|* + (u,0) + (v, ),

and
(u—v,u—v) = [lul®+ [Jv]|* = (u,v) = (v, u).

Adding these two equalities, the cross terms cancel, so
lu+ ol + lu— vl = 2([Jul? + [lv]]?),

as desired. O



Inclass Exercise 1. Part A. Let E be a real vector space equipped with a norm || - || satisfying
the parallelogram identity recalled above. Let ¢ : X EE— R be defined by
1
() = (lz+yl* = llz = yll)

We want to show that ¢ is an inner product on E from which || - || arises. To do this, prove the
following identities, where x,y,z € E and A € R:

1. p(x,2) = [|z]?, e(z,y) = ¢(y,), and ¢(z,0) = 0.

2. 2p0(x,2) +2¢(y, 2) = p(x +y,22) and 2¢p(x, 2) = o(x,2z).

3. plx+y,2) = p(x,2) + 9y, 2)-

4. p(Ax,2) = Ap(z,2). (One should begin with A € N, then Z, Q, and R.)
Deduce that o is an inner product.

In Euclidean geometry, the Pythagorean theorem says that if a triangle has a right angle, then
the square of the length of the hypotenuse is the sum of the squares of the lengths of the two legs.

This suggests that, in an inner product space, perpendicularity should correspond to the van-
ishing of the cross term in the expansion of a squared norm.

B

g
A C

If the angle at A is a right angle, then by the Pythagorean theorem,
IBC|* = |AB|* + [ AC|1>.

On the other hand,

BC = AC - 4B,

SO
IBC|? = ||AC — AB|? = ||AC|[2 — 2(AC, AB) + | AB|1.

Comparing with the Pythagorean identity, we obtain
(AC,AB) = 0.
This motivates the following definition.

Definition 1 (Orthogonality). Let V' be an inner product space. Two vectors u,v € V are said to
be orthogonal if
(u,v) = 0.

In that case, we write
u 1 v



Proposition 1 (Pythagorean identity). Let V' be an inner product space, and let u,v € V.
If u L v, then

lu+ol* = [|ul® + [Jo]|.
If V is a real inner product space, then the converse also holds:
ulv <= |ut+v|?=]ul®+ v
Proof. We compute
lu+o)* = (u+v,u+0) = [[ul + (u,0) + (v,u) + [[o]|*
If u L v, then (u,v) = 0. Hence also (v,u) = 0, and therefore
lu+ol* = [|ul® + [Jo]|%.
Now suppose that V is real and that
lu+ol* = [[ul® + [Jo]|*.
From the expansion above, we get
[ull® + 2¢u, v) + [[ol* = [Jull® + [Jv]|?,

SO
2(u,v) = 0.

Thus (u,v) = 0, which means u L v. O

Definition 2 (Orthogonal and orthonormal lists). A list of vectors

€ly,...,€Em

in V is called orthogonal if
(ej,ex) =0 whenever j # k.

The list is called orthonormal if it is orthogonal and each vector has norm 1. Equivalently,

ey = {1 =
€, er) =
DI04k

Remark 1. Orthogonal and especially orthonormal lists are very easy to work with. The next
results explain why.

Proposition 2 (Norm of an orthonormal linear combination). Suppose e1, ..., e, is an orthonor-
mal list of vectors in a real inner product space V. Then for all aq,...,a, € R,
larer + - + amem|* = af + -+ + a2,



Proof. Let
U=are] + - -+ amem-

Then
m m
[ull? = (u,u) = <Za’j€jazak€k> .
j=1 k=1

Expanding, we obtain

m m
lull> =" ajar (ej, k).

j=1 k=1

Since the list is orthonormal, we have

< > 17 j:k;?
ei,er) =
P 0, Ak

Therefore all the off-diagonal terms vanish, and only the diagonal terms remain:

m
lul> =" a.
j=1

Hence

larer + -+ + amen||* = af + -+ + a2,

O]

Corollary 1 (Orthonormal lists are linearly independent). Ewvery orthonormal list of vectors is
linearly independent.

Proof. Suppose e1, ..., e, is an orthonormal list and that
aier + -+ amen = 0.
Taking norms and using the previous proposition, we obtain
0= |later + -+ amem|® = |a1)* + - + |am|*
A sum of nonnegative numbers can be zero only if each term is zero. Thus
ar=---=ay, =0.

Therefore ey, ..., ey, is linearly independent. O



Theorem 1 (Bessel’s inequality). Suppose e, ...

v eV, then

Proof. Let

and

Then

Orthogonality and Gram—-Schmidt procedure

[(v,en)|? + -+ 4 (v, em)|* < [|v]|*.
u=(v,erye; + -+ (v,em)em
w=v—u.

V=u-+w.

We claim that w L ey, for every k € {1,...,m}. Indeed, for each k,

Because ey, ...

Hence

m m
(w,er) = <v - Z(v,ej>ej, ek> (v, ex) Z v,ej5)(€ej, ex)-
7=1

J=1

, €m is an orthonormal list, we have

< > 17 J:k7
ej,er) =
PT0, Ak

(w,er) = (v,ex) — (v, ex) = 0.

Thus w is orthogonal to each ey, and therefore w L u.
Since v = u + w and u L w, the Pythagorean theorem gives

Finally, since u is a linear combination of the orthonormal list eq, ...

that

Therefore,

ol = llull* + [[w]f* > [lu]*.

lull® = (v, en)* + - + [{v, em) .

(v, en)? + -+ (v, em) | < Jlv]*.

,em 18 an orthonormal list of vectors in V. If

, €m, Proposition 6.24 implies

O]

Definition 1 (Orthonormal basis). An orthonormal basis of V' is an orthonormal list of vectors
in V that is also a basis of V.

Proposition 1. Suppose V is finite-dimensional. Then every orthonormal list of vectors in V' of
length dim'V' is an orthonormal basis of V.



Proof. Every orthonormal list of vectors in V is linearly independent. Hence any orthonormal list
of length dim V' is a basis of V. O

Proposition 2 (Writing a vector using an orthonormal basis). Suppose eq, ..., e, is an orthonormal
basis of V', and let u,v € V. Then:

1.
v=(v,e1)e; + -+ (v,ep)en.
2.
[]]* = [, e + - 4 [{v, en) |
3.
(u, vy = (u,e1)(v,e1) + -+ (u, en) (v, en).
Proof. Because ey, ...,e, is a basis of V, there exist scalars a,...,a, such that

V=aiel + -+ anep.
Taking the inner product of both sides with e, we get
(v,ex) = ai{e1, ex) + - + anlen, er) = ax,
because ey, ..., e, is orthonormal. Thus
v = <U7 61>€1 +--+ <U7 en>en7
which proves (1).
Now (2) follows immediately from (1) and the formula for the norm of a linear combination of
an orthonormal list:
[0]]* = [(v, e[ + - - 4 [{v, en) [
Finally, taking the inner product of v with both sides of (1), we obtain
<U7U> = <’LL, <Ua €1>61 +oo <U7 €n>€n> .
By linearity,
<’LL, U> = <fU, €1><’LL, 61> +oeeet <U7 en><u, €n>.

Reordering the factors gives

(u,v) = (u,e1)(v,er) + -+ + (u, en) (v, en).

This proves (3). O
Theorem 2 (Gram—Schmidt procedure). Suppose vy, ..., vy, is a linearly independent list of vectors
inV. Let fi =v1. Fork=2,...,m, define fr inductively by

(Vk, f1) (Vk, fr—1)

Je =k — fi— = et

1 f21I? [ fe—1l1?

For each k=1,...,m, let
o
[
Then ey, ..., ey is an orthonormal list of vectors in V' such that
span(vy,...,v;) = span(ey, ..., ek)

for each k=1,...,m.



Example 1 (An orthonormal basis of P5(R)). We make P>(R) into an inner product space by
defining

1
(p,q) = / p(t)q(t) dt

-1

for all p,q € Pa(R).
We know that 1,z,22 is a basis of P2(R), but it is not an orthonormal basis. Indeed,

1 2
(1,x2) :/ t2dt = 3 #£0,
-1

so the wvectors are not all orthogonal. Also,

1
Hl\|2—/11dt—27é1.

We now apply the Gram—Schmidt procedure to

v =1, Vg =T, 1)3:1:2.
First,
f1 =V = 1.
Hence .
52 = [ 1ar=z.
-1
Neat,
(v2, f1) (z,1)
fa=wv2— fi=z— :
1 f11? /2117
Because .
(x,1>:/ tdt =0,
-1
we get
fo=m.
Thus
2 ! 2d 2
= t7dt = —.
Il = [ #ar=
Now,
(v, f1) (v, f2)
J3=vs3— - Ja.
1f11? [ f2II?
Substituting vy = x2, fi = 1, and f = =, we obtain
1 3
fz=a?— 5(3:2, 1) — §<SU2,CC>LL“.
Now
1 9 1
(x%,1) :/ t2dt = =, (22, z) :/ t3dt =0,
1 3 -1
S0 .
f3= z? — 3



Therefore,

1 1\2 1 2 1 8
2 2 4 2
= 22— =) dt = -2 S ) dt= —.
151 /_1< 3> /_1< 3 9) 45

Normalizing f1, fo, f3, we obtain

1 1 f2 3

€1 =717 = ) €2 = 7= €,
1Al V2 12l 2
e3 = f3 _ ﬁ <:L‘2 _ 1)
1/l 8 3

(a5 (-2)}

Proof. We prove the result by induction on k.
For k =1, we have

and

Hence

is an orthonormal basis of Pa(R).

fi vy
fi=w and e = —— = .
12l ol
Thus |le1]| = 1. Also, e; is a nonzero scalar multiple of vy, so

span(vy) = span(ey).

Hence the conclusion holds for k = 1.
Now fix k£ with 2 < k < m, and assume inductively that

€1,y k1
is an orthonormal list and that
span(vy, ..., vx_1) = span(ey,...,€,_1).
We first show that fi # 0. Because vy, ..., v, is linearly independent, we have
vg ¢ span(vy, ..., Vk_1).
By the inductive hypothesis,
span(vy, ..., vx—1) = span(ey,...,€k_1).

Since each e; is a nonzero scalar multiple of f;, it follows that

span(ey,...,ex—1) =span(fi,..., fx—1)-

Therefore
v & span(fi,..., fk—1)-
On the other hand, by definition,

(v, f1)
/211

(U, fr—1)

| fe—1lI?

fr = vk fi—-— Jr—1.



If fi =0, then vi would be a linear combination of fi,..., fr_1, a contradiction. Hence

fe # 0.

Thus e = fi/|| fr|| is well defined, and clearly
lerll = 1.
Next we show that ey is orthogonal to each of ey, ... ,ex—1. Let j € {1,...,k—1}. Then
(ere5) = e Ui £
ks €5) = ks Jj)-
S 17 1777

So it suffices to prove that (fx, f;) = 0. Using the definition of fj, we get

k—1 )

By linearity,

= <'Uk, fZ)
i=1
Because eq,...,e,_1 is orthonormal, the vectors fi,..., fr_1 are pairwise orthogonal. Hence
(fi, [;) =0 fori#j,
and
{Fi 1) = Lf01%
Therefore all terms in the sum vanish except the one with ¢ = j, and so
<Uk7 f>
J
Thus

(ek,ej) =0 forall j=1,...,k—1.

Since |leg]| = 1, it follows that

€1,...,€L
is an orthonormal list.
It remains to prove that
span(vy, ..., v;) = span(eq, ..., eg).

From the definition of fi, we can rewrite

(v, f1) (Vs fr—1)

vk = fr+ h+ At fe1
1 f21I? [ fe—1l1?

Thus
vk € span(fi, .., f) = span(er, .. ., ).



Also, by the inductive hypothesis,

U1,...,VUk_1 € span(ey,...,ex_1) C span(ey, ..., e).
Hence
span(vy, ..., v;) C span(ey,...,ex).
Now both lists
Vlyenny Uk and €1y...,€Ek

are linearly independent: the first by hypothesis, and the second because every orthonormal list is
linearly independent. Therefore both subspaces above have dimension k. Since one is contained in
the other and both have the same dimension, they must be equal. Hence

span(vy, ..., vg) = span(eq, ..., eg).
This completes the induction, and therefore the proof. O

Theorem 3 (Existence of orthonormal bases). Every finite-dimensional inner product space has
an orthonormal basis.

Proof. Suppose V is finite-dimensional. Choose a basis of V. Applying the Gram—Schmidt proce-
dure to this basis, we obtain an orthonormal list of vectors in V' of length dim V. By the result that
every orthonormal list of length dim V' is an orthonormal basis, this list is an orthonormal basis of
V. =



Orthogonal Complements

Definition 1 (Orthogonal complement). Let U C V. The orthogonal complement of U, denoted
by UL, is defined by
Ut ={veV:(uv)=0 for every u € U}.

Remark 1. The orthogonal complement UL depends on both V and U. Usually the ambient inner
product space V' is clear from the context, so it is omitted from the notation.

Proposition 1 (Properties of orthogonal complements). Let U,G,H C V. Then:

1. IfU CV, then U™t is a subspace of V.

2. {0}t =V.
3. V+={0}.
4. If U CV, then
Unut c {0}
5. If G C H, then
Ht c Gt

Proof. 1. First, 0 € U+ because (u,0) = 0 for every u € U.
Now let v,w € U*. For every u € U,

(u, v+ w) = (u,v) + (u,w) =0+0=0.

Hence v +w € U™,
If \ € Rand v € U, then for every u € U,

(u, Av) = AMu,v) =A-0=0.
Hence v € UL. Therefore U™ is a subspace of V.
2. Let v € V. Since (0,v) = 0, we have v € {0}*+. Thus {0}+ = V.
3. If v € V4, then in particular (v,v) = 0, which implies v = 0. Hence V*+ = {0}.
4. fue UNU*L, then v € U and u € U+. Therefore
(u,u) =0,

sou = 0. Thus U N U+ C {0}.



5. Suppose G C H, and let v € H*. Then (h,v) = 0 for every h € H. Since every element of G
belongs to H, it follows that (g,v) = 0 for every g € G. Hence v € G, so

H't C Gt
O

Proposition 2 (Direct sum decomposition). Suppose U is a finite-dimensional subspace of V.
Then

V=UaU"
Proof. We first show that
V=U+U"
Let v € V, and let ey, ..., e, be an orthonormal basis of U. Define

u=(v,er)er + -+ (v, em)em

and
w=v—u.
Because each e; € U, we have v € U. Also, for each k =1,...,m,
m
<w7 ek> = <U - Z<U7 €j>€j, €k> = <fU, ek> - Z<U7 €j><€j, ek‘> = <Ua €k> - <U7 ek> =0.
j=1 j=1
Thus w is orthogonal to every vector in span(ey,...,en) = U, sow € UL,

Therefore v = v+ w with u € U and w € UL, proving that V = U + U~.
From the previous proposition, U N U+ = {0}. Hence

V=UaU".
O

Corollary 1 (Dimension of the orthogonal complement). Suppose V' is finite-dimensional and U
is a subspace of V. Then
dim U+ = dimV — dim U.

Proof. This follows immediately from
V=UaU
O

Proposition 3 (Orthogonal complement of the orthogonal complement). Suppose U is a finite-
dimensional subspace of V. Then

U= (Ut

Proof. We first show that
UcC(UhH*t

If u € U and w € U™, then by definition (u,w) = 0. Hence u € (U+)*.
Now let v € (U+)*. By the direct sum decomposition,

v=u-+w withw € U, we U™,



Then
w=v—u.

Since v € (U+)+ and uw € U C (U*)4, it follows that w € (U+)*. Therefore
weUtn (Ut

By the property W N W+ C {0}, we get w = 0. Thus v = u € U, showing that

(uhHtcu.
Hence
U=UhH*.
O
Proposition 4. Suppose U is a finite-dimensional subspace of V. Then
Ut={0} <= U=V
Proof. If U+ = {0}, then by the previous proposition,
U=UHt={0}t =W
Conversely, if U =V, then
Ut =v+=1{0}.
O]

Example 1 (In-class exercise). Let V = C[—1, 1], the vector space of continuous real-valued func-
tions on [—1,1], with inner product

1
(f,9) :/1 f(x)g(x) dx.

Let
U={feC]-1,1]: f(0) =0}.
Show that:
1. U+ ={0}.

2. This shows that the statements
V=UaUt and U= Ut
may fail without the hypothesis that U is finite-dimensional.

Solution. We show first that U+ = {0}.
Let g € U'. We want to prove that ¢ = 0. Suppose, for contradiction, that g # 0. Then there
exists zg € [—1,1] such that g(xg) # 0. Replacing g by —g if necessary, we may assume

g(zo) > 0.



By continuity of g, there exists an interval I C [—1, 1] containing xg such that
g(x) >0 for all z € I.

We now construct f € U such that

1
/_ @) dz >0,

which will contradict the assumption that g € U~.
If g # 0, we may choose I so that 0 ¢ I. Let f be any continuous function such that

f=0,  f#0, supp(f) € 1.
Since 0 ¢ I, we have f(0) =0, so f € U. Moreover,

1
| ragtads = [ g >0
because f >0, f 0, and g > 0 on I. This is a contradiction.
If zg = 0, then ¢g(0) > 0. By continuity, there exists § > 0 such that
g(xz) >0 for all z € [-46,4].

Define
2?(6 — |x]), x| <6,

0, |z| > 0.
Then f is continuous, f >0, f # 0, and f(0) = 0. Hence f € U. Again,

fz) =

1
/_ F@g(w) dz >0,

a contradiction.
Therefore g = 0, and so
Ut ={0}.

Now U # V, because for example the constant function 1 belongs to V' but not to U. Hence
UaUt=Ua{0}=U#V,

so the identity V = U @ U fails.
Also,
UH={0} =V £,
so the identity U = (U+)* also fails.
This shows that both statements can fail when U is not finite-dimensional. O

Definition 2 (Orthogonal projection). Suppose U is a finite-dimensional subspace of V. The
orthogonal projection of V' onto U is the operator

Py e L(V)
defined as follows: for each v € V', write

Vv =u+w,
where v € U and w € UL. Then define

Pyv =u.



The direct sum decomposition
V=UeU"

shows that each v € V' can be uniquely written in the form
v=u+w

with v € U and w € UL. Thus Pyv is well defined.



Orthogonal Projection and the Riesz Representation Theorem

Definition 1 (Orthogonal projection). Let U be a finite-dimensional subspace of an inner product
space V. For each v € V, write

v=1u-+w, withueU,weUl.
The orthogonal projection of v onto U is defined by
PU’U = Uu.

Proposition 1 (Minimizing distance to a subspace). Suppose U is a finite-dimensional subspace
of V,veV,and u e U. Then
v = Pyoll < [lv — ul|.

Furthermore, the inequality above is an equality if and only if u = Pyv.

Proof. We have
lv = Pool|* < [lv = Poo||? + [|Pro — ulf?

= [[(v = Pyv) + (Pyv — u)|?
= [lv - ul]?,
where the first line above holds because
0 < ||Pyv —ul)?,
the second line above comes from the Pythagorean theorem [which applies because
v— Pyve U and Pyv —u e U],

and the third line above holds by simple algebra. Taking square roots gives the desired inequality.
The inequality proved above is an equality if and only if

lv = Pyol* = o = Pov|l? + || Prv — ul]?,

which happens if and only if
[Pov—u| =0,

which happens if and only if © = Pywv. O

Example 1 (In-class exercise). Let
E = Ry[X]

with inner product

1
(P,Q) = % /_ 1P(:U)Q(:U) dz.

1



1. Find an orthonormal basis of span(1, X, X?) using the Gram-Schmidt process.
2. Show that the orthogonal projection of X* onto span(1, X, X?) is of the form
aX?+b
for some real numbers a,b (which you do not need to compute).

3. Deduce that .
/ (z* — az? — fz — )% dx

-1
is minimized for a unique choice of a, 5,7, and express that choice in terms of a and b.

Solution. Set
U = span(1, X, X?).

For the first vector, note that

1 1
1% = (1,1) = 2/ ldr = 1.
-1

Hence we may take
€1 = 1.

Next,

1 1
(X, e1) :2/ xdr =0,

-1
so X is already orthogonal to e;. Also,

1 /! 1 2 1
HXH2:/ wide=--=_.
2/ 3

Thus
X

= =+3X.
1 X1]

€2

Now we orthogonalize X?2. First,
e 1
<X2,61>:/ de = -,
2 /4 3
and

(X2, e0) = <X2,\/§X> - \23/_11 23 de = 0.

Therefore )
X2 (X% e1)e; — (X2 en)eg = X2 — 3

2 1 2
1

:/ :E2—1 dz.
2/ 3

Its norm is

Expanding,



SO

1 1 n 1 /1 1
HX2—3 —2/ :U4d:c—3/ xQdafH—lg/ ldz
1 —1 1
Using
1 1 1
/m4dx:, /xQdm:, /1dm:2,
—1 5 -1 1
we get,
> 1 2 1 4
X2 - =224 ="—
H 3 5 9+9 45
Hence ) 5
X2 - = = —,
-3l -7
and therefore
X2 —3 V45 2 L
Pl 2 3
3

So an orthonormal basis of span(1, X, X?) is

4 1
61:1, 62:\/§X, 63:\/>5<X2—>.

For part (2), the orthogonal projection of X* onto U is
PU(X4) = (X4, 61>61 + <X4, 62>62 + <X4, 63)63.
Now

(X4 eg) = <X4,\/§X> = \ég/_llfdz::()

because z° is odd. Thus
Py(X*) = (X" er)er + (X4, e3)es.

Since e; = 1 and eg is of the form ¢ (X2 — %), it follows that
Py(X*)

is a linear combination of 1 and X? — %, hence of the form

Py(XY =aX?+b

for some real numbers a, b.
For part (3), note that

1
[ (@ = aa = o= de =2X" - (@X? 45X + )|

Thus minimizing the integral is equivalent to minimizing

1X* - Q| over Q € U.



By the characterization of orthogonal projection, the unique minimizer is
Q = Pu(X*).

Since
Py(X*Y) = aX? 4+,

the unique minimizing choice is

O]

Theorem 1 (Riesz representation theorem, real case). Suppose V' is a finite-dimensional real inner
product space and ¢ : V — R is a linear functional. Then there exists a unique vector v € V' such
that

o(u) = (u,v) for every u € V.

Proof. Let ey, ..., e, be an orthonormal basis of V. Then every u € V can be written as
u= (u,er1)e; + -+ (u,en)en.
Applying ¢ and using linearity, we get
o(u) = o((u,er)er + -+ + (u, enhen)

= <u7 €1>30(61) et <u, €n>(,0(€n)-
Now define
v=g(er)er + -+ @(en)en.

Then
(u,v) = (u,p(er)er + - - + v(en)en)

= (u,en)p(er) +- -+ (u,en)p(en) = p(u).
Thus there exists v € V such that

o(u) = (u,v) for every u € V.
To prove uniqueness, suppose v1,vs € V satisfy
o(u) = (u,v1) = (u,v2) for every u € V.

Then
0 = (u,v1) — (u,v2) = (u,v1 — vo) for every u € V.

Taking u = v; — v9, we obtain
0= (v1 —vg,v1 —v2) = [lv1 — 02||2-

Hence v; — v9 = 0, so v; = vy. Therefore the vector v is unique. ]



Linear Algebra
Adjoints and Conjugate Transposes

Until now, we have mostly worked with real inner product spaces. Today we will also briefly
discuss complex inner product spaces, because the adjoint is most naturally connected with the
conjugate transpose of a matrix.

Throughout this lecture, F denotes either R or C.

1. Inner products over C

In a real inner product space, the inner product satisfies

<£L',y> = <y7$>'

Over C, this symmetry must be modified. The correct condition is
(z,y) = (y, ).
Definition 1 (Complex inner product). Let V' be a vector space over C. An inner product on V
s a function
(,):VxV=C

such that:

1. for every fixred y € V, the map

z = (2,y)

is linear;
2. forallz,y eV,
(z,y) = (y, ®);

3. for every nonzero x € V,

(x,z) > 0.

The first condition says that the inner product is linear in the first slot. Thus
(Az1 + pxe,y) = Ma1,y) + p(z2, ).
The second condition implies that the inner product is conjugate-linear in the second slot:
(z, \y) = Mz, y).
Indeed,

(@, 2y) = D, ) = My, ) = Ay, z) = Nz, ).
Example 1. The standard inner product on C" is
(,y) =217+ + Tnn-

If
$:($1,...,l’n), y:(yla"'ayn)7
then

n
(z,y) = Z e
j=1



Remark 1. If all scalars are real, then complex conjugation does nothing. Thus this definition
reduces to the usual definition of a real inner product.

Definition 2 (Adjoint). Let V,W be finite-dimensional inner product spaces over IF, and let
T e L(V,IV).

The adjoint of T s the function
W =V

such that
(Tv,w)yw = (v, T w)y

for everyv € V and every w € W.

Notice carefully the direction:
T:V—>W, W — V.

The adjoint goes in the opposite direction.
We now prove that the adjoint exists and is unique in finite dimensions.

Theorem 1. Let V,W be finite-dimensional inner product spaces, and let
T e L(V,IV).
Then there exists a unique linear map
T e LW, V)
such that
(Tv,w)w = (v, T w)y
for everyv € V and every w € W.

Proof. Fix w € W. Define
Yw: VT
by
ow(v) = (Tv,w)w.

This is a linear functional on V', because T is linear and the inner product is linear in the first slot.
By the Riesz representation theorem, there exists a unique vector u € V' such that

pw (v) = (v, u)y

for every v € V. In other words, there exists a unique vector u € V' such that
(Tv,w)yw = (v,u)y

for every v € V.
We define
T w = u.
Thus
(Tv,wyw = (v, T"w)y



for every v € V.
This defines a function
T W = V.

We now prove that 1™ is linear. Let wi, w9 € W. For every v € V,

(v, T* (w1 + wa)) =

Tv, wi + ws)
Tv,wi) + (Tv,ws)
v, T"wy) + (v, T ws)
v, T"wy + T wo).

o~ o~~~

Therefore
(v, T*(wy +we) — T"wy — T*wg) =0

for all v € V. Taking
v="T" (w1 +wy) — T wy — T"wa,

we get
T*(wl + ’u}g) =T wi + THws.

Now let A € F and w € W. For every v € V,

Therefore
T (A\w) = \T™w.

Thus T is linear.
Finally, uniqueness follows from the uniqueness in the Riesz representation theorem. More
explicitly, suppose S : W — V also satisfies

(Tv,w) = (v, Sw)
for every v € V and every w € W. Then
(v, T*w — Sw) =0
for every v € V. Taking v = T*w — Sw, we get
T w = Sw.
Since this holds for every w € W, we conclude that

T =S.



5. A concrete example
Example 2. Define T : R? — R? by
T(:L‘l, X9, SL‘3) = (1'2 + 3x3, 2:1}1).

We compute T™*.

Let
z = (z1,32,73) € R?, y = (y1,42) € R*.
Then
(Tz,y) = ((z2 + 323, 221), (y1,Y2))

= (22 + 3z3)y1 + 27192

= 21192 + T2y1 + T30

= ((w1, 22, 23), (22, Y1, 3Y1))-
Therefore

T*(y1,y2) = (2y2, 91, 3y1).

Notice that
T:R? — R?, T* : R? = R3.

The matrix of T in the standard bases is

The transpose is

This matrix represents precisely the map

(y1,y2) — (22, y1,3y1)-

Thus, in this example,

M(T*) = M(T)".

6. Matrix of the adjoint

We now prove the general result.

Theorem 2. Let T € L(V,W). Suppose
€l1y,...,€n

is an orthonormal basis of V', and
f17 ) fm

18 an orthonormal basis of W. Then

M(T") = (M(T))",



where (M(T))* denotes the conjugate transpose, that is,

(M(T))") ;1 = (M(T));-

ik

In the real case, this becomes

M(T") = (M(T))"

Proof. Write
A= M(T), B = M(T").

First, we describe the entries of A. The k-th column of A is obtained by writing T'e;, as a linear
combination of the basis vectors

f17"'afm-

Since this basis is orthonormal,

Tey = (Tek, fi) f1 + -+ (Tek, fm) frm-

Thus the entry in row j, column k of A is
Ajk = (Tey, fj).

Now we describe the entries of B. Since T* : W — V, the k-th column of B is obtained by
writing T™ f. in the orthonormal basis
€1y,...,€En.

Thus the entry in row j, column k of B is
Bjr = (T" fx, €5)-
Using conjugate symmetry and the definition of the adjoint,

Bijr = (T" fr, €j)

= (e, T* fx)
= (Tej, fx)
= Akj
Therefore
Bji, = Ag;
This means exactly that
B=A".

Hence

O

Remark 2. The orthonormality assumption is important. If the bases are not orthonormal, the
matriz of the adjoint is not necessarily the transpose or conjugate transpose of the matrix.



7. Example with a complex matrix
Example 3. Let T : C3 — C? be the linear map whose matriz in the standard bases is
2 3+4 7
A= <6 5 81’) '

Since the standard bases are orthonormal, the matriz of T* : C* — C3 is the conjugate transpose

of A:

2 6
A*= 13-4 5
7 —8i
Thus
2 6
M(T*)=13—-4i 5
7 -8
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